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JEL Classification:

This study employs an overlapping generations model to analyze the effect of public
pension levels on economic variables when the labor supply of the elderly is determined
endogenously. This paper focuses on the effects of a funded scheme on the economy as
well as a pay-as-you-go (PAYG) scheme. First, the impact of the expansion of public
pensions on the capital–labor ratio is analyzed. It is shown that the expansion of a funded
pension increases the capital–labor ratio, which is contrasted with the fact that the PAYG
pension is neutral to capital–labor ratio. Next, the impact of public pensions’ introduction
on steady-state economic welfare is evaluated. The introduction of a PAYG pension will
improve economic welfare when the population growth rate is higher than the interest
rate, while the introduction of a funded pension will improve economic welfare when the
population growth rate is lower than the interest rate.

H21, H55, J22, J26.

Contribution/Originality: This study focuses on funded pension scheme, which has been considered neutral to
the capital–labor ratio. This study shows that, in a setting of endogenous retirement, a funded pension scheme has an
impact on the capital–labor ratio since it has an impact not only on capital accumulation but also on labor supply.

1. INTRODUCTION
The purpose of this paper is to analyze the impact of the public pension system on resource allocation and welfare
in an overlapping generations (OLG) model in which the labor supply of the elderly is endogenous. In particular, this
paper focuses not only on a pay-as-you-go (PAYG) scheme but also on a funded scheme as a financial system of public
pensions.
In the classic model of Diamond (1965), individuals survive for two periods and supply a certain amount of labor
inelastically when young, whereas they do not supply labor when old. Hu (1979); Mihara (2005); Michel and Pestieau
(2013); Miyazaki (2019) and Liu and Thøgersen (2020), on the other hand, assumed an exogenous labor supply when
individuals are young and an endogenous labor supply when they are old, and analyzed the impact of public pensions
on resource allocation. The pension systems considered in the literature are all financed by a PAYG scheme, which
does not have a reserve fund.
As is well known, a funded scheme is one of the two major financial schemes for public pensions, along with a
PAYG scheme. Nevertheless, it has not been analyzed since it was shown by Samuelson (1975) that a funded scheme
is neutral to resource allocation when labor supply is given exogenously. The model used by Samuelson (1975) is one
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in which the labor supply is given exogenously, but even if the labor supply is endogenous, it is considered that a
funded scheme would be still neutral to resource allocation if households correctly recognize that the discounted
present value of the proportionate benefits received is equal to the contribution paid proportional to their labor
income1. However, funded pension schemes may affect the labor supply, which may have an impact on resource
allocation in a whole economy where the funded pension benefits include a fixed portion that is not proportional to
income, as studied by Frassi et al. (2019), or where such schemes may prevent individuals from receiving pension
benefits during employment, as per Michel and Pestieau (2013), others assume PAYG pension schemes.
In this paper, the focus is on a funded pension scheme as well as on a PAYG pension scheme. Most assumptions
of PAYG schemes studied by Michel and Pestieau (2013), among others, are maintained in this study. The pension
system assumed is one in which benefits will be paid only after individuals retire. This paper is structured as follows:
Section 2 describes the model and derives resource allocation in a steady-state market equilibrium; Section 3 derives
a socially optimal resource allocation and compares it to that of market equilibrium in the absence of pensions; Section
4 analyzes the impact of the introduction of pensions for each financial scheme on welfare; and Section 5 presents the
conclusions.

2. MODEL
2.1. Households and Firms
Households live for two periods and earn income by supplying labor at wage rate 𝑤 when they are young and
old. Households supply one unit of time exogenously when young, but 𝑧 unit of time endogenously when old.
Households save 𝑠 in the first period and receive the sum of principal and its interest, 𝑅𝑠, in the second period, where
𝑅 ≡ 1 + 𝑟 and 𝑟 is the interest rate. Public pensions are provided by the government based on PAYG schemes and
on funded schemes. The contribution rates are 𝜏𝑝 and 𝜏𝑓 , respectively, and the same rate is levied to the first period
and the second period. The amount of pension benefits is proportional to the length of leisure when households are
in the second period. In this case, the amount of pension benefits for the PAYG scheme and the funded scheme per
unit of leisure in period 𝑡 are 𝑏𝑝𝑡 and 𝑏𝑓𝑡 , respectively. This property is considered to correspond to a system in which
benefits cannot be received during the period of employment and can only be received after retirement. This is the
same type of pension system as considered by Michel and Pestieau (2013); Miyazaki (2019) and Liu and Thøgersen
(2020). Here, 𝑏𝑝𝑡 represents the benefit amount 𝑏𝑝 in period 𝑡. Households spend 𝑐 for their first period consumption
and 𝑑 for their second period consumption. The budget constraints of households born in period 𝑡 (generation 𝑡) are
as follows:
𝑐𝑡 = (1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡 − 𝑠𝑡 ,
𝑑𝑡+1

= 𝑅𝑡+1 𝑠𝑡 + (1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡+1 𝑧𝑡+1 + (𝑏𝑝𝑡+1 + 𝑏𝑓𝑡+1 )(1 − 𝑧𝑡+1 ),

(1)
(2)

Where Equation 1 shows consumption when young is determined from the after-tax income less savings, and
Equation 2 shows consumption when old is determined from the sum of after-tax income and pension benefit.
Assuming that households derive their utility from the first period consumption 𝑐, the second period consumption
𝑑 , and leisure in their old period (1 − 𝑧), the utility function of households of generation 𝑡 is assumed to be
logarithmic as follows:
𝑈 = 𝑈(𝑐𝑡 , 𝑑𝑡+1 , 1 − 𝑧𝑡+1 ) = ln 𝑐𝑡 + 𝛽(ln 𝑑𝑡+1 + 𝛾 ln(1 − 𝑧𝑡+1 )),

(3)

Where Equation 3 shows that utility level of generation 𝑡 is increased by 𝑐𝑡 , 𝑑𝑡+1 and 1 − 𝑧𝑡+1 . The budget
constraints for PAYG and funded public pensions are:
𝑁𝑡+1 𝜏𝑝 𝑤𝑡+1 + 𝑁𝑡 𝜏𝑝 𝑤𝑡+1 𝑧𝑡+1 = 𝑁𝑡 𝑏𝑝𝑡+1 (1 − 𝑧𝑡+1 ),

1

Frassi, Gnecco, Pammolli, and Wen (2019) explain this point as follows: “In a pure FF scheme, a variation in the contribution rate has no effect on individual labour

supply, irrespective of whether the worker is high- or low-skilled. This is a clear-cut result since, in a pure FF, individuals are aware that the payment of contributions
into their own account is simply another form of private savings.” (p. 283).
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𝑅𝑡+1 𝑁𝑡 𝜏𝑓 𝑤𝑡+1 + 𝑁𝑡 𝜏𝑓 𝑤𝑡+1 𝑧𝑡+1 = 𝑁𝑡 𝑏𝑓𝑡+1 (1 − 𝑧𝑡+1 ).
Expressing these budget constraints for PAYG and funded public pensions in per capita term of the old, they can
be rewritten in Equations 4 and 5, respectively, as follows:
(1 + 𝑛)𝜏𝑝 𝑤𝑡+1 + 𝜏𝑝 𝑤𝑡+1 𝑧𝑡+1 = 𝑏𝑝𝑡+1 (1 − 𝑧𝑡+1 ),

(4)

𝑅𝑡+1 𝜏𝑓 𝑤𝑡+1 + 𝜏𝑓 𝑤𝑡+1 𝑧𝑡+1 = 𝑏𝑓𝑡+1 (1 − 𝑧𝑡+1 ).

(5)

Regarding firms’ production, the production amount in period 𝑡 is denoted by 𝑌𝑡 , the capital stock by 𝐾𝑡 , and the
labor supply by 𝐿𝑡 . 𝐿𝑡 , the total amount of labor supply in period 𝑡, is the sum of 𝑁𝑡 , the population of households of
generation 𝑡, and 𝑁𝑡−1 𝑧𝑡 , the number of old workers of generation 𝑡 − 1, which is shown in Equation 6:
(6)

𝐿𝑡 = 𝑁𝑡 + 𝑁𝑡−1 𝑧𝑡 .

Suppose that the population growth rate is constant at 𝑛. The population of generation (𝑡 + 1), represented by
𝑁𝑡+1 , is represented in Equation 7 as follows:
𝑁𝑡+1 = (1 + 𝑛)𝑁𝑡 .
The production function of a company is assumed to be the Cobb–Douglas type:

(7)

𝑌𝑡 = 𝐹(𝐾𝑡 , 𝐿𝑡 ) = 𝐴𝐾𝑡𝛼 𝐿1−𝛼
.
𝑡
Under normalized prices and total depreciation with capital, 𝜋𝑡 , firms’ profits in period 𝑡 are represented as
follows:
𝜋𝑡 = 𝑌𝑡 − 𝑤𝑡 𝐿𝑡 − 𝑅𝑡 𝐾𝑡 .
From the conditions of profit maximization, we have:
𝜕𝜋𝑡
= 𝐴(1 − 𝛼)𝐾𝑡𝛼 𝐿−𝛼
𝑡 − 𝑤𝑡 = 0,
𝜕𝐿𝑡

𝜕𝜋𝑡
= 𝐴𝛼𝐾𝑡𝛼−1 𝐿1−𝛼
− 𝑅𝑡 = 0.
𝑡
𝜕𝐾𝑡

Assuming that the capital per unit of labor, which we call per capita capital, is 𝑘𝑡 ≡ 𝐾𝑡 /𝐿𝑡 , the above conditions
become Equations 8 and 9, respectively:
𝑤𝑡 = 𝐴(1 − 𝛼)𝑘𝑡𝛼 ,

(8)

𝐴𝛼𝑘𝑡𝛼−1 .

(9)

𝑅𝑡 =

2.2. Market Equilibrium
Next, we consider household utility maximization. Substituting the household budget constraints (Equations 1
and 2) with the utility function (Equation 3) and differentiating them with respect to savings 𝑠𝑡 and the labor supply
𝑧𝑡+1 , the first-order conditions are obtained as follows, where an interior solution is assumed for 𝑧𝑡+1 :
1
(1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡 − 𝑠𝑡

=

𝛽𝑅𝑡+1
𝑅𝑡+1 𝑠𝑡 + (1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡+1 𝑧𝑡+1 + 𝑏𝑝𝑡+1 (1 − 𝑧𝑡+1 ) + 𝑏𝑓𝑡+1 (1 − 𝑧𝑡+1 )

,

𝛽[(1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡+1 − (𝑏𝑝𝑡+1 + 𝑏𝑓𝑡+1 )]
𝛽𝛾
=
.
1 − 𝑧𝑡+1 𝑅𝑡+1 𝑠𝑡 + (1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡+1 𝑧𝑡+1 + 𝑏𝑝𝑡+1 (1 − 𝑧𝑡+1 ) + 𝑏𝑓𝑡+1 (1 − 𝑧𝑡+1 )
Substituting public pension budget constraints (Equations 4 and 5) into the above conditions, savings 𝑠𝑡 and
labor supply 𝑧𝑡+1 are solved as follows in Equations 10 and 11, respectively:

𝑠𝑡 =

𝛽(1 + 𝛾)𝑅𝑡+1 (1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡 − (1 − 𝜏𝑝 − 𝜏𝑓 )𝑤𝑡+1
,
(1 + 𝛽 + 𝛽𝛾)𝑅𝑡+1

𝑧𝑡+1 =

(1 + 𝛽)(1 − 𝜏𝑝 − 𝜏𝑓 )
𝑅𝑡+1 𝑤𝑡
𝑅𝑡+1 𝑤𝑡
𝑅𝑡+1 𝑤𝑡
[1 +
] − [1 + 𝑛 −
] 𝜏𝑝 −
.
1 + 𝛽 + 𝛽𝛾
𝑤𝑡+1
𝑤𝑡+1
𝑤𝑡+1

(10)
(11)
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We consider a capital market equilibrium in this economy. Since capital is assumed to be fully depreciated, the
sum of household savings and the reserve funds becomes the capital stock in the following period, so the relationship
below holds:
𝐾𝑡+1 = 𝑁𝑡 (𝑠𝑡 + 𝜏𝑓 𝑤𝑡 ).
After dividing by 𝑁𝑡 , the above relationship becomes Equation 12 below, using Equation 6 and Equation 7:
(1 + 𝑛 + 𝑧𝑡+1 )𝑘𝑡+1 = 𝑠𝑡 + 𝜏𝑓 𝑤𝑡
(12)
Substituting household savings (Equation 10) and labor supply (Equation 11) into Equation 12, and rewriting
factor prices in terms of 𝑘 using Equation 8 and Equation 9, the equation of capital accumulation will become:

𝑘𝑡+1 = [

𝛽(1 − 𝛼 + 𝛾)(1 − 𝜏𝑝 ) + (𝛼𝛽 + 1)𝜏𝑓
𝛼(1 + 𝑛)(1 + 𝛽 + 𝛽𝛾)(1 − 𝜏𝑝 ) + (𝛼𝛽 + 1)(1 − 𝜏𝑝 ) − (𝛼𝛽 + 1)𝜏𝑓

] 𝐴𝛼𝑘𝑡𝛼

If 𝑘𝑡+1 = 𝑘𝑡 = 𝑘 in the above equation, we have the following steady-state per capita capital 𝑘 in Equation 13:
𝑘=[

1
1−𝛼

𝐴𝛼𝛽(1 − 𝛼 + 𝛾)(1 − 𝜏𝑝 ) + 𝐴𝛼(𝛼𝛽 + 1)𝜏𝑓
𝛼(1 + 𝑛)(1 + 𝛽 + 𝛽𝛾)(1 − 𝜏𝑝 ) + (𝛼𝛽 + 1)(1 − 𝜏𝑝 ) − (𝛼𝛽 + 1)𝜏𝑓

]

(13)

If there is no funded pension in this equation, that is, if 𝜏𝑓 = 0, the capital level is.
1
1−𝛼
𝐴𝛼𝛽(1 − 𝛼 + 𝛾)
𝑘=[
] .
𝛼(1 + 𝑛)(1 + 𝛽 + 𝛽𝛾) + (𝛼𝛽 + 1)

Since 𝜏𝑝 does not exist in the above equation, the steady-state capital level is neutral to the contribution rate of
the PAYG pension when 𝜏𝑓 = 0. This result has already been shown by Mihara (2005) and Liu and Thøgersen (2020).
On the other hand, since the coefficient of 𝜏𝑓 in the numerator of Equation 13 is positive and the coefficient of 𝜏𝑓 in
the denominator is negative, the steady-state capital level increases when 𝜏𝑓 increases. Here, we have the following
proposition.
PROPOSITION 1: When a funded scheme pension does not exist, per capita capital is unaffected by a PAYG
pension contribution rate. On the other hand, regardless of the PAYG pension contribution rate, per capita capital is
increased when a funded pension contribution rate increases.
Next, resource allocation in a steady state is derived. The first and second periods’ consumption, labor supply,
and leisure in a steady state are expressed as follows:

𝑧=

𝑐=

(1 − 𝜏𝑝 − 𝜏𝑓 )𝑤(1 + 𝑅)
,
𝑅(1 + 𝛽 + 𝛽𝛾)

𝑑=

𝛽(1 − 𝜏𝑝 − 𝜏𝑓 )𝑤(1 + 𝑅)
,
1 + 𝛽 + 𝛽𝛾

(14)

(1 + 𝑅)(1 + 𝛽)(1 − 𝜏𝑝 − 𝜏𝑓 )
− 𝑅 − [(1 + 𝑛) − 𝑅]𝜏𝑝 ,
1 + 𝛽 + 𝛽𝛾

(1 + 𝑅)[𝛽𝛾 + (1 + 𝛽)(𝜏𝑝 + 𝜏𝑓 )]
(15)
+ [(1 + 𝑛) − 𝑅]𝜏𝑝 .
1 + 𝛽 + 𝛽𝛾
Where Equation 14 shows the steady state consumption when young, and Equation 15 shows the steady state
1−𝑧 =

leisure when old. From this, the following proposition is derived.
PROPOSITION 2: An introduction of either a PAYG pension or a funded pension increases leisure and hence
decreases labor supply (See Appendix A).
Thus far, we have confirmed the steady-state economic variables and the changes in 𝑘 and 𝑧 due to the
introduction of two types of public pensions. Summarizing the results briefly, it has been shown that an introduction
of a PAYG pension does not change 𝑘 and decreases 𝑧, while an introduction of a funded pension increases 𝑘 and
decreases 𝑧. In the following section, we compare a socially optimal resource allocation with the steady-state resource
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allocation without a pension. Then, the impact of the introduction of both types of pension on welfare will be
confirmed.

3. SOCIAL OPTIMUM
Next, in order to consider a socially optimal resource allocation, resource constraints are considered. The
resource constraint in period 𝑡 is represented as follows:
𝑁𝑡 𝑐𝑡 + 𝑁𝑡−1 𝑑𝑡 = 𝑌𝑡 − 𝐾𝑡+1.

(16)

Equation 16 argues that consumption for two generations in period 𝑡, 𝑁𝑡 𝑐𝑡 + 𝑁𝑡−1 𝑑𝑡 , needs to be equal to the
production amount 𝑌𝑡 less capital for the following period 𝐾𝑡+1 .
If the production amount per unit of labor, which we call per capita output, is defined as 𝑦𝑡 ≡ 𝑌𝑡 /𝐿𝑡 , we obtain
the following relationship after dividing Equation 16 by 𝑁𝑡 and arranging this using Equation 7:
𝑐𝑡 +

𝑑𝑡
𝑧𝑡
= (1 +
) 𝑦 − (1 + 𝑛 + 𝑧𝑡+1 )𝑘𝑡+1 .
1+𝑛
1+𝑛 𝑡

Resource allocation that maximizes household utility in a steady state is required to satisfy the following problems:
max 𝑈(𝑐, 𝑑, 1 − 𝑧) = ln 𝑐 + 𝛽(ln 𝑑 + 𝛾 ln(1 − 𝑧)),
𝑑
𝑧
= (1 +
) [𝐴𝑘 𝛼 − (1 + 𝑛)𝑘].
1+𝑛
1+𝑛
̂ and so on, the following relationships will be satisfied from the
If we denote the socially optimal capital by 𝑘,
first-order conditions of the above problem:
s. t. 𝑐 +

1

𝑑̂
𝐴𝛼 1−𝛼
1 − 𝑧̂ 𝑑̂
𝐴𝛼𝑘
= 1+𝑛 =
,
𝑘̂ = [
] ,
= .
𝛽𝑐̂
1+𝑛
𝛾
𝑤
̂
𝛼
̂
However, if 𝑧̂ > 0 holds from the assumption of interior solutions, then 𝑤
̂ = 𝐴𝑘 − (1 + 𝑛)𝑘̂ . From the above
relationships, labor and leisure are solved as follows:
̂ 𝛼−1

𝑧̂ =

1 + 𝛽 − 𝛽𝛾(1 + 𝑛)
𝛽𝛾(2 + 𝑛)
and 1 − 𝑧̂ =
.
1 + 𝛽 + 𝛽𝛾
1 + 𝛽 + 𝛽𝛾

Here, we compare the steady-state resource allocation in equilibrium and the social optimum when pension does
not exist. The labor supply in a steady-state equilibrium where pension is not implemented will be denoted by 𝑧̅, and
so on. Comparing the socially optimal labor supply 𝑧̂ with labor supply 𝑧̅ in a steady-state equilibrium without a
pension, and comparing the socially optimal per capita capital 𝑘̂ with per capita capital in a steady-state equilibrium
without pension 𝑘̅, it is shown that both are generally different:
1 + 𝛽 − 𝛽𝛾𝑅̅ 1 + 𝛽 − 𝛽𝛾(1 + 𝑛)
𝑧̅ =
≠
= 𝑧̂ ,
1 + 𝛽 + 𝛽𝛾
1 + 𝛽 + 𝛽𝛾
1

1

𝐴𝛼 1−𝛼
𝐴𝛼 1−𝛼
𝑘̅ = [ ]
≠[
]
= 𝑘̂ .
1+𝑛
𝑅̅
As is clear from these relationships, when 𝑅̅ = 1 + 𝑛 holds, the per capita capital in a steady-state equilibrium
coincides with the socially optimal level and, at the same time, the labor supply in a steady-state equilibrium coincides
with the socially optimal level. In addition, when the per capita capital in a steady state is greater than the optimal
level, labor supply is also excessive at the same time, where 𝑅̅ < 1 + 𝑛 holds. On the contrary, when per capita capital
in a steady state is less than the optimal level, labor supply is also insufficient at the same time, where 𝑅̅ > 1 + 𝑛
holds.

4. IMPACT ON WELFARE
Next, paying attention to the utility level in a steady state, the impact of the introduction of public pensions on
economic welfare will be considered. First, since the optimum ratio of the first period consumption to the second
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period consumption is 𝑑 = 𝛽𝑅𝑐, the utility level in the steady state can be expressed in terms of the first period
consumption 𝑐, labor supply 𝑧, and interest rate 𝑅 as follows:
𝑈 = 𝛽 ln 𝛽𝑅 + (1 + 𝛽) ln 𝑐 + 𝛽𝛾 ln(1 − 𝑧).
At this time, the impact of the introduction of the PAYG pension and that of a funded pension on welfare are as
follows, respectively:
𝜕𝑈 𝛽 𝜕𝑅 1 + 𝛽 𝜕𝑐
𝛽𝛾 𝜕(1 − 𝑧)
=
+
+
,
𝜕𝜏𝑝 𝑅 𝜕𝜏𝑝
𝑐 𝜕𝜏𝑝 1 − 𝑧 𝜕𝜏𝑝

(17)

𝜕𝑈 𝛽 𝜕𝑅 1 + 𝛽 𝜕𝑐
𝛽𝛾 𝜕(1 − 𝑧)
=
+
+
,
𝜕𝜏𝑓 𝑅 𝜕𝜏𝑓
𝑐 𝜕𝜏𝑓 1 − 𝑧 𝜕𝜏𝑓

(18)

Where Equations 17 and 18 determine the sign of steady-state welfare change when introducing PAYG and
funded public pensions, respectively. Based on Equation 17 and Equation 18, we have the following proposition:
PROPOSITION 3: If 1 + 𝑛 > 𝑅̅ holds, welfare can be improved by introducing a PAYG pension. Conversely, if
1 + 𝑛 < 𝑅̅ holds, welfare can be improved by introducing a funded pension (See Appendix B).
The interpretation of this proposition is as follows: First, the condition 1 + 𝑛 > 𝑅̅ holds, and this means that
both per capita capital 𝑘̅ and labor supply 𝑧̅ are greater than the optimal level. Under this condition, if a PAYG
pension is introduced, per capita capital 𝑘̅ is unchanged but labor supply 𝑧̅ is reduced, the effect of which improves
welfare level.
Second, on the contrary, the condition 1 + 𝑛 < 𝑅̅ means that both per capita capital 𝑘̅ and labor supply 𝑧̅ are
initially lower than the optimal level. Under this condition, if a funded pension is introduced, per capita capital 𝑘̅ is
increased, the effect of which improves welfare, but at the same time, labor supply 𝑧̅ is reduced, the effect of which
worsens welfare. It is possible to interpret the result such that welfare is improved by a funded pension introduction
as follows: when these two effects exist, the effect of welfare improvement by the former exceeds the effect of welfare
deterioration by the latter.

5. SUMMARY
In this paper, the effects of a PAYG pension and a funded pension to resource allocation and welfare in an OLG
model with endogenous retirement have been analyzed. The main results are summarized in the following three
points.
First, a PAYG pension is neutral to per capita capital, while a funded pension increases per capita capital. This is
very different from the results achieved when an exogenous labor supply is assumed, where a PAYG pension reduces
per capita capital, while a funded pension is neutral.
Second, the introduction of either a PAYG or a funded pension reduces the labor supply in the second period for
households. This is considered due to the assumptions that pension contributions are collected in proportion to labor
income in their old period, and that pension benefits are proportional to leisure in their old period.
Third, an introduction of a PAYG pension will improve welfare in a “dynamically inefficient” case where the
interest rate is lower than the population growth rate, while an introduction of a funded pension will improve welfare
in a “dynamically efficient” case, on the contrary, where the interest rate is higher than the population growth rate.
The former result has already been found in an economy where labor supply is exogenous, and we found that this
result still holds in an economy where labor supply is endogenous. This paper also shows the latter result in an
economy where labor supply is endogenous. Kobayashi and Takahata (2021) showed that a funded pension contributes
to welfare improvement in an environment where labor supply is exogenous and individuals with different
productivity coexist within generations, which is the effect of income redistribution within generations. This paper
has clarified a different helpful function of a funded pension to improving welfare through implementing more efficient
resource allocation.
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In this paper, we assume a logarithmic utility function following Michel and Pestieau (2013), while Liu and
Thøgersen (2020) used a CES utility function and showed that the impact of a pension depends on its parameters.
Regarding the pension system, as analyzed by Mihara (2005), it is necessary to consider factors such as whether to
collect contributions in the second period or whether retirement is a necessary condition for receiving pension
benefits. As remaining issues, it is necessary to explore to what extent the utility function and pension system
assumptions affect these results.
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APPENDIX A
Proof of Proposition 2. In order to show Proposition 2, it is only necessary to prove that the derivative of leisure
(1 − 𝑧) by 𝜏𝑝 or 𝜏𝑓 and evaluated at 𝜏𝑝 = 𝜏𝑓 = 0 is positive.
First, in general, 𝑅 can be obtained as follows by substituting 𝑘 in a steady state shown in Equation 13 into
Equation 9:

𝑅=

𝛼(1 + 𝑛)(1 + 𝛽 + 𝛽𝛾)(1 − 𝜏𝑝 ) + (𝛼𝛽 + 1)(1 − 𝜏𝑝 ) − (𝛼𝛽 + 1)𝜏𝑓
𝛽(1 − 𝛼 + 𝛾)(1 − 𝜏𝑝 ) + (𝛼𝛽 + 1)𝜏𝑓

.

(A1)

When this is differentiated by 𝜏𝑝 and 𝜏𝑓 and evaluated at 𝜏𝑝 = 𝜏𝑓 = 0, they become:
𝜕𝑅
= 0,
𝜕𝜏𝑝

(A2)

𝜕𝑅
𝛼𝛽 + 1
[𝛽(1 − 𝛼 + 𝛾) + 𝛼(1 + 𝑛)(1 + 𝛽 + 𝛽𝛾) + 𝛼𝛽 + 1]. (A3)
=−
[𝛽(1 − 𝛼 + 𝛾)]2
𝜕𝜏𝑓
Furthermore, from Equation 15, the leisure time (1 − 𝑧) is differentiated with respect to 𝜏𝑝 :
[𝛽𝛾 + (1 + 𝛽)(𝜏𝑝 + 𝜏𝑓 )]
∂(1 − 𝑧)
∂𝑅 (1 + 𝑅)(1 + 𝛽)
=[
− 𝜏𝑝 ]
+
+ [(1 + 𝑛) − 𝑅].
∂𝜏𝑝
1 + 𝛽 + 𝛽𝛾
∂𝜏𝑝
1 + 𝛽 + 𝛽𝛾
When this is evaluated at 𝜏𝑝 = 𝜏𝑓 = 0, the first term disappears from Equation A2, and then
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∂(1 − 𝑧) (1 + 𝑅̅ )(1 + 𝛽)
=
+ [(1 + 𝑛) − 𝑅̅].
∂𝜏𝑝
1 + 𝛽 + 𝛽𝛾
From Equation A1, interest rate 𝑅 becomes 𝑅̅ when 𝜏𝑝 = 𝜏𝑓 = 0:

𝑅̅ =

(A4)

𝛼(1 + 𝑛)(1 + 𝛽 + 𝛽𝛾) + (𝛼𝛽 + 1)
.
𝛽(1 − 𝛼 + 𝛾)

(A5)

Therefore, if we substitute Equation A5 into Equation A4 and arrange its terms, we obtain:
∂(1 − 𝑧) (1 − 𝛼)[1 + (1 + 𝑛)(1 + 𝛾)]
=
> 0.
∂𝜏𝑝
1−𝛼+𝛾
Hence, it has been shown that leisure increases and labor supply decreases as 𝜏𝑝 rises.
On the other hand, if leisure (1 − 𝑧), shown as Equation 15, is differentiated with respect to 𝜏𝑓 , it becomes:
∂(1 − 𝑧) (1 + 𝑅)(1 + 𝛽)
𝛽𝛾
𝜕𝑅
=
+[
− 𝜏𝑝 ]
.
∂𝜏𝑓
1 + 𝛽 + 𝛽𝛾
1 + 𝛽 + 𝛽𝛾
𝜕𝜏𝑓
Substituting Equation A3 into the above, it will become the following when 𝜏𝑝 = 𝜏𝑓 = 0:
∂(1 − 𝑧) (1 + 𝑅̅ )(1 − 𝛼)
=
> 0.
∂𝜏𝑓
1−𝛼+𝛾
Therefore, it has been shown that leisure increases and labor supply decreases as 𝜏𝑓 rises.

Appendix B
Proof of Proposition 3. To prove whether an introduction of a PAYG pension improves welfare or not, it is
sufficient to show that 𝜕𝑈/𝜕𝜏𝑝 , represented by Equation 17, is positive. From Proposition 1, if a funded pension is
not implemented, the interest rate 𝑅 does not change since the level of per capita capital is neutral to 𝜏𝑝 . Moreover,
if we differentiate the first period consumption 𝑐 and leisure in the second period (1 − 𝑧), shown by Equation 14 and
Equation 15, respectively, with respect to 𝜏𝑝 and evaluate at 𝜏𝑝 = 𝜏𝑓 = 0, then they become as follows:
𝜕𝑅
= 0,
𝜕𝜏𝑝

(B1)

𝜕𝑐
𝑤
̅ 1 + 𝑅̅
=−
,
𝜕𝜏𝑝
𝑅̅ 1 + 𝛽 + 𝛽𝛾

(B2)

𝜕1 − 𝑧 (1 + 𝑅̅ )(1 + 𝛽)
=
+ [(1 + 𝑛) − 𝑅̅].
𝜕𝜏𝑝
1 + 𝛽 + 𝛽𝛾

(B3)

In addition, substituting 𝜏𝑝 = 𝜏𝑓 = 0 into Equation 14 and Equation 15, we have the first period consumption 𝑐̅
and leisure in the second period (1 − 𝑧̅) when 𝜏𝑝 = 𝜏𝑓 = 0 as follows:
𝑐̅ =

𝑤
̅ 1 + 𝑅̅
,
𝑅̅ 1 + 𝛽 + 𝛽𝛾

1 − 𝑧̅ =

(1 + 𝑅̅ )𝛽𝛾
.
1 + 𝛽 + 𝛽𝛾

(B4)
(B5)

Substituting Equations B1 to B5 into Equation 17 and arranging them, the impact of the introduction of a PAYG
pension on welfare will become:
𝜕𝑈
1 + 𝛽 + 𝛽𝛾
= [(1 + 𝑛) − 𝑅̅]
,
𝜕𝜏𝑝
1 + 𝑅̅
Namely, it has been shown that 𝜕𝑈/𝜕𝜏𝑝 > 0 holds true when 1 + 𝑛 > 𝑅̅ .
Similarly, in order to prove whether the introduction of a funded pension improves welfare or not, it is sufficient
to show that 𝜕𝑈/𝜕𝜏𝑓, represented by Equation 18, is positive. If we differentiate the first period consumption 𝑐 and
leisure in the second period (1 − 𝑧), shown by Equation 14 and Equation 15, respectively, with respect to 𝜏𝑓 and
evaluate at 𝜏𝑝 = 𝜏𝑓 = 0, then they become as follows:
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𝜕𝑐
1 + 𝑅̅
𝜕𝑤
𝑤
̅
𝜕𝑅 𝑤
̅ 1 + 𝑅̅
=
− 2
−
,
𝜕𝜏𝑓 𝑅̅ (1 + 𝛽 + 𝛽𝛾) 𝜕𝜏𝑓 𝑅̅ (1 + 𝛽 + 𝛽𝛾) 𝜕𝜏𝑓 𝑅̅ 1 + 𝛽 + 𝛽𝛾
𝜕1 − 𝑧
𝛽𝛾
𝜕𝑅 (1 + 𝑅̅)(1 + 𝛽)
=
+
.
𝜕𝜏𝑓
1 + 𝛽 + 𝛽𝛾 𝜕𝜏𝑓
1 + 𝛽 + 𝛽𝛾

(B6)
(B7)

Substituting Equation B6 and Equation B7 together with Equation B4 and Equation B5 into Equation 18, then
we have:
𝜕𝑈 𝛽𝑅̅(1 + 𝛾) − 1 𝜕𝑅 1 + 𝛽 𝜕𝑤
=
+
.
𝜕𝜏𝑓
𝑤
̅ 𝜕𝜏𝑓
𝑅̅ (1 + 𝑅̅) 𝜕𝜏𝑓

(B8)

In the case of a funded pension, the level of per capita capital also changes depending on the change in 𝜏𝑓 .
Therefore, we need derivatives of factor price with respect to 𝜏𝑓 as follows:
𝜕𝑤
𝜕𝑘
= (1 − 𝛼)𝛼𝐴𝑘 𝛼−1
,
𝜕𝜏𝑓
𝜕𝜏𝑓

(B9)

𝜕𝑅
𝜕𝑘
= (𝛼 − 1)𝛼𝐴𝑘 𝛼−2
.
𝜕𝜏𝑓
𝜕𝜏𝑓

(B10)

Substituting Equation B9 and Equation B10 into Equation B8 gives the following:
𝜕𝑈
1 − 𝛽𝑅̅ (1 + 𝛾) 1 + 𝛽
𝜕𝑘
=[
+
𝑘̅] (1 − 𝛼)𝛼𝐴𝑘̅ 𝛼−2
.
̅
̅
𝜕𝜏𝑓
𝑤
̅
𝜕𝜏𝑓
𝑅 (1 + 𝑅)
Since Proposition 1 shows 𝜕𝑘/𝜕𝜏𝑓 > 0, in order to show that 𝜕𝑈/𝜕𝜏𝑓 is positive, it is sufficient to show that the
term inside the big parentheses is positive. Considering such conditions and substituting 𝑅̅ , 𝑤
̅, 𝑘̅, the conditions for
improving welfare are expressed as follows:
(1 + 𝑛)[𝛽(1 − 𝛼 + 𝛾) − 𝛼(1 + 𝛽 + 𝛽𝛾)] − (𝛼𝛽 + 1) < 0.
(B11)
In order to prove Proposition 3, we need the above condition Equation B11 to be true. Using Equation A5, the
condition 1 + 𝑛 − 𝑅̅ < 0 is arranged to become:
1 + 𝑛 − 𝑅̅ =

(1 + 𝑛)[𝛽(1 − 𝛼 + 𝛾) − 𝛼(1 + 𝛽 + 𝛽𝛾)] − (𝛼𝛽 + 1)
< 0.
𝛽(1 − 𝛼 + 𝛾)

From this relationship, it has been shown that 𝜕𝑈/𝜕𝜏𝑓 > 0 holds since Equation B11 is true as long as 1 + 𝑛 <
𝑅̅ .
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