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ABSTRACT

In the present paper, we introduce a new class of meromorphic multivalent functions defined by
linear derivative operator. We obtain some geometric properties, like, coefficient inequality,
convex set, extreme points, distortion and covering theorem, &-neighborhoods, partial sums and
arithmetic mean.
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INTRODUCTION

Let M,, be the class of all functions of the form:

f@)=z"P+ Z 2" P, (peN={12,..}, €))

k=1

which are analytic and meromorphic multivalent in the punctured unit disk

Ur={ze(:0<|z| <1} =U\{0}.
Consider a subclass T,, of functions of the form:

f2) =2z + z Aye—p 2P, (ax-»20). (2)
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A function f € T, is meromorphic multivalent starlike function of order p(0 < p < p) if

—Re{szc—g)}>p, (0<p<p; zeU". 3

A functions f € T, is meromorphic multivalent convex function of order p(0 < p < p) if

—Re {1 + Z]]:(g)} >p, (0<p<p; zeU. 4

The convolution (or Hadamard product ) of two functions, f is given by (2) and

g(2) =277 + Z beep 2P, (byoy 20,pEN ={1,2,..}), (5)
k=1

is defined by

(oo}

(F @ =27 =) a bzt .

k=1

We shall need to state the extended linear derivative operator of Ruscheweyh type for the function

belonging to the class 7,, which is defined by the following convolution

A
A f@ A>-pfeT,). (6)

DIPf(z) = (

In terms of binomial coefficients, (6) can be written as

DMF() =z + Z (/1 Z k) a-pz¥?, (A>-p;fET,) (7)
k=1

The linear operator D*! analogous to D was consider recently by Raina and Srivastava (2006)

on the space of analytic and p-valent function in U (U = U* u {0}).

Also the linear operator Df‘p was studied on meromorphic multivalent functions for other class in

(Goyal and Prajapat, 2009).
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Definition 1: Let f € T,, be given by (2). The class E*P(v,a, B) is defined by

72 (DM f(2)) +2* (D} (@) - p?

yzP+1 (Df'pf(Z))l +a(l+v)p—p

<B 0<a<l,

E*(v,a,pB) = {f € T,:

0<ﬁSLA>—n0<vS1mEN}. (8)

Najafzadeh and Ebadian (2013), Atshan and Kulkarni (2009), Atshan and Buti (2011), Khairnar
and More (2008), studied meromorphic univalent and multivalent functions for different classes.

COEFFICIENT INEQUALITY

Theorem 1: Let f € T,,. Then f € E*P(v,a,B) if and only if

N
() k= =)+ Brlac, < o1 - @)1 +), ©

k=1
(0<ax1, 0<p<l, A>—p, 0<v<l, p € N).
The result is sharp for the function

pr(1 —a)(1 +v) K

P, k>1.
(") (k = p)[(k — p) + B

f@) =27+
Proof: Assume that the inequality (9) holds true and let |z| =1, then from(8), we have

2 (029 4274 (0225 ) = 7] - Bluer+ (0227 0) + a1 49—

(oo}

p(1—a)(1 +) —vi (l . ") (k — p) a_pz"*

Atk
= ) Gempraat| -
k=1 —
= ( -I: )(k_p)[(k_p)+5V]ak—p—ﬁp(1—a)(1+v)so,
k=1

by hypothesis.

Hence, by the principle of maximum modulus, f € E*P(v, a, ).
Conversely, suppose that f defined by (2) is in the class E*P (v, a, B).
Hence
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2 (DXF(@) + 21 (DXPf(2)) - p

yzP+1 (Df’pf(Z)), +a(l+v)p—p

ZZ‘Ll(AZk) (k — p)zak—pzk
= ATk <8,
p(1 - )@ +v) = vER () (k= p) ay_pz*
Since Re(z) < |z| for all z, we have
) A+k _ 2 k
Re{ Zk:l( K )(k p2+:'k—pz } <B. (10)
p(1— ) +v) —vER () (k= p) ax_pz*

We can choose the value of z on the real axis, so that zP** (Df’pf(z)) is real. Let z —» 17, through

real values, so we can write (10) as

A+k
(1) k= =p) + Brlac, < o1 - )1 +).

[*)
k
k=1

Finally sharpness follows if we take

Bp(1 —a)(1+v) -
("H) (k= p)[Ue = p) + V]
Corollary 1: Let f € E*P(v,a, B). Then

f@) =27+ , k=1

L Bp1-@+V)
P = p) Lk — p) + By

where
(0<ax<l, 0<p<l, A>—p, 0<v<il, p €N).

CONVEX SET

Theorem 2: Let the functions

f(2)=z"P+ Z Q—p 2°7P, (ak_p >0 ),
k=1

g(2) =277 + Z by 2P, (biep = 0),
k=1
be in the class E*P (v, a, ). Then for 0 < m < 1, the function

dz)=A-m)f(z)+ mg(z) =zP + Z Ck—p zk P, (1
k=1
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where
Ck-p = (1 —m)ag_p, + mby_, 20

is also in the class E*P (v, a, ).

Proof: Suppose that each of the functions f and g is in the class E*P(v, a, ). Then, making use
of Theorem 1, we see that

i (A Z k) (k = p)[(k =) + BVlci

k=1

e i (/1 : k) Ge=mlle=p)+ frlacy + mi </1 JIZ k) (k —p)[(k — p) + pvlb_,
k=1 =

<A-mPrA—-—a)@A+v)+mBp(l—a)(1+v)

=pr(1—a)(1 +v),
which completes the proof of Theorem 2.

EXTREME POINTS

Theorem 3: Let f_, =2z"? and

pra-oa+v) .,
(W) = Pk ~ p) + Bv]
fork =1,2,.. .Thenf € E*P(v,a,B) if and only if it can be expressed in the form

fr-p(2) =277 + (12)

F@) =) dip fip(@),
k=0

where

ey >0 and Z ey = 1.
Proof: Suppose that

where

Then

f() = dpf (D) + ) diy fierp(@)
k=1
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N _ Bp(1 — a)(1 +v) _
=d_ P4 d._ b4 k-p
v kz ) ”(Z FY k- Ik —p) + pv] )

Lo B -+ Vde,
= 14 + D
fe =z kz CY -k —p) + ]

_ Bp -0 +V)dy,
(T (ke = p)[e = p) + pv]
By Theorem 1, we have f € E*P(v, a, ) if and only if

2 (Y (k = [k = p) + BV
pp(—a)(1 +v)

Qk—p

Qk—p < 1;
k=1

for

fz)y=2z"P+ Qp_pz*7P.

Hence
o (M) (k= p) e — p) + B y Bp(1 — @)1 +v)
L pp(l-a)(1L+v) P (MR e = p)[(k — p) + BV]
=) dey=1-d, <1
k=1

The proof is complete.
Conversely, assume f € E*P(v, a, 8). Then we show that f can be written in the form:

@) =) dip fip(@).
k=0

Now f € E*P(v,a, B), implies from Theorem 1
o BOa-o0+n)
P ) k- Ik —p) + BV]

Setting

o 90—k~ p) + pv]
S R [C ) M
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and

then

f(z)=z"P+ Z ak_pzk_p
k=1

_ ﬁp(l - (X)(l + V)dk D
= P4
- Z s (MY (k= p)[(k — p) + Bv]

=zP+ Z(fk_p - Z_p)dk_p
k=1

=D dip ferp @,
k=0

DISTORTION AND COVERING THEOREM
Theorem 4: If the function f € E*P(v,a, B), then for 0 < |z| < 1

1 ppl-@)+v)
2P (M)A -p)[A - p) + pv]

_ 1, Bp-aU+y)
2P~ (M) - p)[A —p) + Bv]

The result is sharp and attained for

f@) =

lz|*7? < If ()]

|z|*7P. (13)

pr(1 —a)(1 +v) )
T+1 _ z
( )@ -p)[(1—p)+pv]

-p

Proof: Let f € E*P(v,a, £). Then

©
—p+2ak pZ

k=1

k-p
<5 |p+2ak 1zl

lf (@)l =
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[oe]

< 2 Py
=T z Ap_p -
|z|P P

k=1

By Theorem1, we have

[oe]

Z 0 < Br(1 —a)(1 +v)
LT (YA - p[A-p) + Y]
Thus
Bp(1 — a)(1 +v) .
r@l= 'Z“’ A -pIA-p) + V] AT
Similarly, we have
1 [ee]
@2 2= @y Lol
k=1
1 [ee]
>§4wv;%w
1-— 1
f @)l 2 PrA-o@tv) | ey

'WW (YA -pIla -p) +pv]

Hence result (13) follows.

Theorem 5: If f € E*P(v,a,B), thenfor0 < |z| < 1

P Br(1—a)(1+v) 2P < If (2] < P Bp(1 —a)(1+v)
lz[P*1 - (H)[(1 - p) + ] ~ P (DI - p) + Bv]
with equality for

lzI™?,  (14)

pa-o0+v)
*thHa- (A —p)+pv]

-

f()——

Proof: Let f € E*P(v,a, ). Then

, p —p—
If' (@] ST E (k = p)ag—p |z|*7 P71
k=1

p - E
S |Z|p+1 + |Z| P (1 - p)ak—p
k=1

p Br(1—a)(1+v)
TPt (M)A -p) +,8v]
On the other hand

741



Journal of Asian Scientific Research, 2013, 3(7):734-746

’ p —p
P 2 i = ) (= Pagy Ll 7
k=1

p _
= Tz || ”Z(l —P)ak—p
k=1

p Bp(1 —a)(1+v)
=2 |Z|p+1 (/1+1) (1 P) +[>’v]
which complete the proof.

| | )

NEIGHBORHOODS AND PARTIAL SUMS

Definition2: Let (0<a<1,0<pB <1, 1>-p, 0<v<1,peN) and &=0.
We define the §-neighborhood of a function f € T,, and denote Ns(f) such that

N(S(f) = {g € Tp: g(Z)

= Z_p

Y - ("F)Ue = [k = p) + pv]
+kzzlbk—pzk P and kzzl ﬁp(l—a)(1+v) | k—p_bk_p|
< 6}. (15)

Goodman (1957), Ruscheweyh (1981) and Altintas and Owa (1996) have investigated
neighborhoods for analytic univalent functions, we consider this concept for the class E*P(v, a, ).

Theorem 6: Let the function f(z) defined by (2) be in the class E*P (v, a, ), for every complex
number u with |u| <68, 6§ =0,

| tf(ziipe E*P(v,a,B),then Ns(f) € E**(v,a,8), &> 0.

Proof: Since f € E*P(v, a, B), f satisfies (9) and we can write fory € C, |y| = 1,
that

i CAIQ) R i) s
vart (DIF(2) + a1 +v)p—p

Equivalently, we must have

(f*Q)(2) ¢

z P

(16)

0, zeU, (17)

where

Q(z) =zP+ Z ey—p 2P,
k=1
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such that
(i) —p)[Ue —p) + pv]
G ST A -+ )
Satisfying
vk = p)[(k — p) + pv]
|ek_p|S Sp(d— ) +v) and k =1, p EN.
Since
%‘ZZ—?’ € EMP(v, a,B),
by (17)

1 <f(z) +uz7?

- T+ga * Q(z)) * 0. (18)

Now assume that |(fz(i#

< 6. Then, by (18), we have

1 (f*Q)(Z)Jr I - S S (O D1 C)) Iul—tﬁ>0

1+u zP T4+up|  |14+ul [1+u z7P [14+pul —
This is a contradiction as |u| < &. Therefore |% >6.
Letting

9@ =27+ b, 2P € Ny ().
k=1
Then
5s_|@rO@| _|F -0
7P - VA4

[oe]

Z (ak-p = bie—p)ex—pz*?

k=1

<

[ee)
< D Jap = bipllewpllzl?
k=1

() (k = p)[(k — p) + Bv]
Br(1—a)(1 +v)

[ee)
<lalry [ |k = bicy|
k=

<4,

therefore (‘q;‘f# # 0, and we get g(z) € E*P(v,a,B), so Ns(f) € E*P(v,a, B).

Theorem 7: Let f(z) be defined by (2) and the partial sums S;(z) and S,(z) be defined by
S, (z)=zPand
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q-1

S,(z) =z + Z Gp2*?, (> 1).
k=1

Also suppose that
Z Ck—parp=1,
k=1
where
~ (YU = p)lte —p) + pv]
G = A + ) (9
Then we have
f(2) 1
Re {Sq(z)} >1- o (20)
Sq(2) Cq .
Re{f(z)}>1_1+(]q' (ze U, q>1). 21)

Each of the bounds in (19) and (20) is the best possible for k € N.

Proof: For the coefficients Cy_,, given by (19), it is not difficult to verify that Cy_,q > Cx—p >
1, k=12,...
Therefore, by using the hypothesis (19), we have

q-1 oo

Z Ak—p + Cq Z Ak—p < Ck_pak_p <1 (22)
k=1 k=q k=1

f() 1
G1(2) = Cy (Sq(z) - <1 - C_q)>

o k
_ Cq Zk:q Ar—pZ
=~ %
1 + Zk=q ak_pz

By setting

+1

and applying (22) we find that

e} k
Cq Zk:q ak—pz
q-1 k 00 k
2421 xpZF + Cg Y=g k—pZ

Gi(2) -1
G(z) + 1|

Cq Zliozq A—p
2-2 ZZ: A—p — Cq Y=g Te—p
This proof (20). Therefore, Re(G,(z)) > 0 and we obtain

re{f ) >1-2

Sq(2) Cq

Now, in the same manner, we can prove the assertion (21) by setting

S0 __C,
f) 1+C,)

<1

@@=a+@%

This completes the proof.
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Theorem 8: Let f;(2), f»(2), ..., fi(2) defined by
fiz) =277 + Z Geopi 2P, (@gepi =0, i=12..0L k=1) (23)
k=1

be in the class E*? (v, a, B). Then the arithmetic mean of
fi(z) (i=12,..,1) defined by

l
1
h@ =7 ) @) (24)
i=1
is also in the class E*? (v, a, ).

Proof: By (23), (24), we can write

(oo}

l
h(z) -1 Z(z‘p +Za -z"‘p>
l k—p,i
k=1

i=1

l

= Z_p + (l a > Zk_p
§ l § k—p,i .
k=1

i=1

Since f; € E*P(v,a,B) forevery (i = 1,2,...,1) so by using Theorem1, we prove that

S () = i -+ 0 G i ak_p,i)

k=1 i=1
l o
1 A+ k
=3 (Z ("7 ) e -plt-p + Bv]ak_,,,i>
i=1 \k=1
1 l
ST Bp(1 —a)(1 +v).
i=1

Br(1 —a)(1 +v).
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