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ABSTRACT

The object of this paper to study the class WH (n, p, a, 4,6, q) of multivalent functions defined by
Hadamard product in the open unit disk U ={z € C:|z| < 1}. We obtain some geometric
properties for this class, like, coefficient estimate, closure theorem, extreme points, distortion
theorem and modified Hadamard products.
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1. INTRODUCTION
Let W (p,n) denote the class of functions of the form:

f(z) =zP — z a,z¥(a, =2 0;k=>n+p;pne€N={12..}), (1.1
k=n+p

which are analytic and multivalent in the open unit disk U = {z € C:|z| < 1}.
If f € W(p,n)isgivenby (1.1) and g € W(p, n) given by

9@ =27~ Y bt (B20)

k=n+p

then the Hadamard product (or convolution) f = g of f and g is defined by

(F @D =20 =) tniphuap™® = (g + N2, (12)
n=1
A function f € W (p,n) is said to be multivalent starlike of order a (0 < a < p) if it satisfies the
condition:
zf ’(z)}
ei———¢>a (ZeU;0<a<pp€EN), 1.3
{ 1) ( p;p €N) (1.3)

891



M

@

®)

(4)

®)

(6)

Journal of Asian Scientific Research, 2013, 3(9):891-902

and is said to be multivalent convex of order @ (0 < a < p) if it satisfies the condition:

f'(@)
Denote by S;(p,a) and C,(p,a) the classes of multivalent starlike and multivalent convex
functions of order «, respectively, which were introduced and studied by Owa (1992). It is known
that (see (Goodman, 1983) and (Owa, 1992))

zf'(2)
p

Re{1+zf”(z)}>a (zeU;0<a<p;p€eN). (1.4)

f € C,,(p, @) if and only if € S;(p, a). (1.5)

The classes S; (p, @) = S*(p, @) and C;(p, @) = C(p, a) were studied by Owa (1985).
Definition 1.1. Let f be given by (1.1), is said to be in the class WH(n,p, @, 4,0, q) if and only if
satisfies the inequality:

{ 2((f * @)+ 222((F * 9)(2) & }
(1= D((f * @) +4z((f + ()"

| 2G - 9@) " + 222+ ) )™
(1 D((f * 9)@)? +22((f + 9)(2) 7

where 0 <a<p—qp>qneNgeN,={012,..},0<1<1,6=0 and for each
f € W(p,n), we have

-1+ a, (1.6)

k=n+p
¢ 1 (=0)
SN =G=p {i(i— Dolimj+1) G£0)° (1.8)

We note that by specializing the parameters 4,6,q,n,p, we obtain the following different
subclasses as studied by various authors:

If 6 =0,1=0, the family WH(n,p,a, 4,0, q) reduces to the class TS;(p,q,n,a) which was
studied by Aouf and Mostafa (2012).

If 6 =0,4=1, the family WH(n,p,a,4,6,q) reduces to the class TCy(p,q,n, &) which was
studied by Aouf and Mostafa (2012).

If n=p=1andq =0, the family WH(n,p, a, 4,0, q) reduces to the class WR(4, 8, «) which
was studied by Atshan and Buti (2011).

If0 =0,1=0,q =0 and replace n + p by m, we have WH(n,p, a,0,0,0) = WH(p, m, ) which
was studied by Ali et al. (2006).

If6 =0,A=0,g=0and b, =1 (k =n+p), we have

T (p, a) (Owa (1992))

T,(p,a) (Yamakawa (1992))°
6=01=1qg=0andb, =1 (k =n+p), we have

C,(p,a) (Owa (1992))
C,(p,a) (Yamakawa (1992))°

WH(n,p,a,0,0,0) = {

WH(n,p,a,1,0,0) = {
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M If k=m,0=k,a=p and b, =1, the family WH(n,p,a,4,6,q) reduces to the class
k — UCV,* (4, B, q) which was studied by Aglan (2004).
Lemma 1 (Aglan (2004) ). Let w = u + iv. Then Re(w) = ¢ if and only if |[w — (1 +0)| <
lw+ (1-0)l.
Lemma 2 (Aglan (2004) ). Let w = u + iv and g, 1 are real numbers. Then Re(w) = alw — 1| +
n ifand only if Re{w(1 + oe'®) — gei®} > 1.

2. COEFFICIENT ESTIMATE
Theorem 1. Let the function f be in the form (1.1). Then f is in the class WH(n,p, a, 1,6, q) if
and only if

i KI(1+ Ak —q—1)[(k—q)(1+6) — (6 + )]

Ayby
—)!
k=n+p (k CI)-
(1+A(p—q—-1 -q-
P+ (;1_ q))')(p q-a) @5

wherep,n€N, g eENg,k=2n+p,08200<a<p—qp>qand0<A<1.
The result is sharp for the function fgiven by

F(2) =27 — p!(n+p-q)!(1+A(p—q-1))(p—q-a) e 2.2)

(n+p)!(p-)!(1+A(n+p—q—1))[(n+p—-q)(1+6) = (0+a) | bn+p
(p.n€N; p>q; q€Ny; z€eU).
Proof: Let f e WH(n,p, @, 4,0,q). Then f satisfies the inequality (1.6) which is equivalent to
{ 2+ Q@) 42 (G D@Dy s
(1= D((f * @) +2z((f * (@)™
> a, (byusing Lemma 2)

O<a<p—qp>q06=200<A1<1l;peN;geNyand-m< ¢ <m Or
{[ 2((f * @) +222((f + (@) ] (1 + 6e?)

A =D * D@) P + 22((f + ()

(2.3)

e [(1 D *9@) @ +22((f * 9z ))(Hq)] -
A-D((f* @) +22((Fx @) |

Let g(z) = [z((f * g)(z))(1+q) + 222((f = g)(z))(2+q)] (1+6ei?)

~6e [(1 - D((f * @)@ + 22((f * 9)@) "]

hz) =1 =D *9) @) + 1z((f + 9) @)

Then (2.3) is equivalent to
lg(z) + (1 — a)h(2)| = |g(z) — (1 + a)h(2)| for 0 < a < p — q. (by using Lemma 1)
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Now

p! B k!a; by B Ap!
z)+ (1 -a)h(2)| = ||[/————2P71 - — gk —
l9(@) + 1~ Dh(2)] ”(p—q—l)! VARCEFESV ®—q-2)
k! @by
k—q-2)"

k=n+p

'(1_/1)pl . (1—l)k!akbk k—q
R k-t

k=n+p

k=41 (14 6e'®) — gei®

+ Ap! Ak! a; by,
——zP7 1 — ——7
®—q- D! k=g 1)

k=n+

k—-q

1 -Dp! g (1= Dk!ayby k=g
CEn k-qt

k=n+p

+(1—a)[

Ap! o Aklagby

+—Zp_q —_ —Zk_q

(p—q-1! e (e—q—1)! ]
=n+p

|( q)l( +Ap—q-D)p-q+1-a)zr
e ¢p
T oo e -1+ a0 -q-2) -1+ ]2

Z = )'(1+A(k q-1D)k—q+1-a)acbz*

k=n+p

o feitk!
- (ke [(k Q)1+ Ak —q —2)) — 1+ A]aybyz*"4

k=n+p
p!
2o (LA —a = D) -q+1-a)z
Op

W[(P DL+ Ap—q—2))—1+A]|z[P~1

Z = ),(1+/1(k q—1D)k—q+1—a)acblz|*1

k=n+p

z = ),[(k 1+ Ak —q —2)) — 1 + A aybylz|*.

k=n+p
Similarly,
9@ - 1+ k@) = [ L5 (1420 -0 = D) —g =1 - @z
+ (ie b - +2p-q-2)-1+2]z°
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S
- Z (k_q)!(l+/1(k—q—1))(k—q—1—a)akbkzk—q
k=n+p

- z ((Zel K (e = @)(1+ 20— g = 2) = 1+ Aahz*~0

k=n+p

= (pﬁq)!(l +Ap—q-D)p-q-1- )z’

op!
+(p— )

(@ - D1+ —q-2) - 1+4]lzP~

+ Z (k — )'(1+A(k q—1))k —q—1—a)agb|z|*

k=n+p

Z (k )u —— [k =) (1 + Ak — q — 2)) — 1 + A ayby|z|*9.

k=n+p

Therefore

|g(z)+(1—a)h(z)|—|g(z)—(1+a)h(z)|z( (1+A(p q—-1D)p—-q—a)

_ Z o [(1+/1(k q—1)k-q-a)

k=n+p

+6 (-1 +20k —q—2)) — 1+2)] aby

= 0.
Hence

i KI(1+ Ak —q—1))

(k—q)! [(k—q)(1+6) — (6 + a)layb,

k=n+p

| — —_
Z (g, _qq)! 2 (1+4p—-q-1D).

Conversely, by considering (2.1), we must show that
NG @)™ 1 2225 ) ] (1 +00)
1= D((f * @) +2z((f * @)™

(6e? + ) [ =D @) +22((f ) ))(1+q)]} 24)

A= D((f * @) + 22((f * 9) ()7

Upon choosing the values of z on the positive real axis where 0 <z=1r <1, Re(—ei‘P) >
—|ei®| = —1 and letting r - 1~, we conclude to (2.4) by using (2.1) in the left hand of (2.2).
Corollary 1. Let f be in the class WH(n, p, a, 1,6, q). Then
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plk—g)!(1+Ap—q-1D)p-q—a)

Tk @@= 1+ 20k —q - D)k~ q)A+6) — (6 + )by (25)
wherep,n€N,qeENy,0<a<p—qp>q0=0k=n+pand0 <A1<1.
3. DISTORTION THEOREM
Theorem 2. Let the function f € WH(n,p,a,1,6,q). Then
[ (1+2p-q-D)p-q-a) ] g
A+2n+p-q-D)n+p-)A+60) — O+ D]bny, |- q)'
<|f@@)
<[ (1+2p-q-D)p-q-a) ] e
(1+An+p—q-D)n+p—q)A+6)— (8 +a)]b ntp -9
The result is sharp for the function fgiven by (2.2).
Proof. Let f(z) = zP — i a,z®. Then
k=n+p
f@) =8, q)zP~1 - 8(k, q)arz*1,
k=zn+p *
where
o G=0)
8@ =G5 _{i(i— Do(i—j+1) G£0)°
Hence
(@ = P! p—q _ N L k—q
Fa = k:zm CErR
By (2.5), we get
[f@@|
p! _
o-o"
pP(L+Ap—g-D)p-q-a) -
oo (1+An+p—q-D)(n+p—)A+6) = (6 + )by
_ [1 (1+2p-g-D)p-q-a) ] -
(1+An+p—q-D)n+p- q)(1+9)—(9+a)]bn+p -9
and
|f(q)(z)|
S [1_ (+Ap-gq-D)p-q-a) IzI"] I
1+2n+p—q-D)n+p—q)(1+6) — (6 + D)bpyp (»—q)!

when q =0, Theorem 2 would provide the growth property of functions in the class
WH(n,p,a, 4,6, q). For g € N, the results may be looked upon as the distortion properties for the
class WH(n,p, a, 4,0, q).
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4. CLOSURE THEOREM
Let the functions f,(z) (t = 1,2, ..., v) be defined by

f@) =27 = > ays* (a2 0). (4.1)
k=n+p
We shall prove the following result for the closure functions in the class WH(n, p, a, 1,6, q).
Theorem 3.Let the functions f,(z)(t=1,2,..,v) defined by (4.1) be in the class
WH(n,p,a, 4,6, q). Then the function h(z)defined by

4

h(z) = Z cfi(2), (c,=0), (4.2)

=1

is also inthe WH(n,p, a, 4,0, q), where w .
¢ =1

Proof. According to the definition of h(z), it'can be written as

v co v v (oo}
h(z) = Z c|zP - Z apz* | = Z c, zP — Z Z c.ay,z*
=1 k=n+p =1 =1 k=n+p
(oo} v
=zP — Z Z c, ag,z*. (4.3)

k=n+p 1=1

Furthermore, since the functions f,(z)(t = 1,2, ..., v) are in the class WH (n, p, @, 4, 6, q), then

i k(14 Ak — g — D)[(k — q)(1+6) — (0 + )]

ay,b
(k — ) ok

k=n+p

<p!(1 +Ap-q-D)p-q-—a)
- - ! '
Hence

k!(1+/1(k—q—1))[(k—q)(1+9)—(9+a)]b (ic . )
k Yk

k=n+p (k _'Q)! £
= N k(1 4+ Ak —q = D)[(k— A +6) — (6 + )]
B ; . {k:zm-p (k - q)' bk ak,l.}

P+ -g-D)p-g-a)
- (-
which implies that h(z)be in the class WH (n, p, a, A, 6, q).
Corollary 2.Let the functions f,(z) (t = 1,2) defined by (4.1) be in the class WH (n,p, a, 1,8, q).
Then the function h(z)defined by

)
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h(z) = (1 - t)fi(2) + tf,(z), (0<t<1), (4.4)
is also inthe WH(n,p,a, 4,6, q).

5. EXTREME POINTS
We obtain here an extreme points of the class WH (n,p, a, 4,6, q).

Theorem 4. Let f,(z) = z” and

plk—q)!(1+Ap-q-1)p-—q—a) .
TG+ AKk—q - D) (k- (A +6) — (8 + )b,
where kZ2n+pnpeENO0<a<p—qp>qq€EN,8=0and0<A<1.
Then the function f is in the class WH (n, p, a, 4, 8, q) if and only if it can be expressed in the form:

fi(z) = 2P (5.1)

J@ =12+ ) yiefila), (52)

k=n+p

0

where (yzzJ =>0,y, =20k = n+p) andy, + Z Ve = 1.
k=n+p

Proof. Suppose that f is expressed in the form (5.2). Then

[ee]

f@=pz+ ).
k=n+p

[Z,,_ pk-!(1+Ap-q-D)p-q-a) "
Vel T - (T + Atk — q — D)[(k— )1 +6) — (6 + )by
N plk—!(1+2p-g-1))p—q—a) i
M-I+ Ak—q—D)(k—q)(L+8) — (8 + )b ©

=Zp_
k=n+p

Hence

i K- (1+ Ak —q—1))[(k—q)(1 +6) — (8 + a)]by
plk—!(1+Ap—q-1D)p—q-a)

k=n+p

y plk—)'(1+2p-q-1)p-q -y
kKip—)!(1+Ak—q—D)[k—q)(A+6) — (6 +a)lb

= ) n=1-p=t

k=n+p

Then f € WH(n,p,a,A,6,q).
Conversely, suppose that f € WH(n, p, a, A, 0, q). we may set
- Klp— ! (1+ 4k —q— D)k —q)(1+6) — (0 + )by
pllk—!(1+Ap—q-D)p—-q-a)
where a; is given by (2.4). Then

f(z) = zP — Z agz¥

k=n+p

ag,
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[ee)

plk—!(1+Ap-q-D)p-q-a) e
K (- (L+ Atk —q—D)(k—q)(1+6) — (0 +a)be

k=n+p

=2zP — Z [Zp_fk(z)])/k=<1— Z Vk>2p+ Z Y fi(2) = vp2P + Z Vi fi (2).

k=n+p k=n+p k=n+p k=n+p

This completes the proof of Theorem 4.

6. MODIFIED HADAMARD PRODUCT
Let the functions f,(z) (¢t = 1,2) defined by (4.1). The modified Hadamard product of the functions
f, and f, is defined by

(@D =27~ ) apaar®. (6
k=n+p

Theorem 5. Let the functions f,(z) (t=12) defined by (4.1) be in the class
WH(n,p,a,A,0,q)and by, = by, (k = n +p). Then we have (f; * f,)(z) € WH(n,p,5,4,0,q),

_ =) (n+p)!(p=q)!(1+A(n+p-q-1))+p!(n+p—a)!(1+A(p—q—1)) [6-(n+p—q) (1+6)]

where  f (n+p)!(p—@)!(1+A(n+p—q—-1))-p!(n+p—)!(1+A(p—q-1))
(6.2)
The result is sharp for the functions f.(2) given by
— pli(n+p—@)!(1+A(p-q-1))(P—q-a) n+p () —
£2) = 2F — s At p-a-D) -0 48y @r by - = 12D
(6.3)

Proof. Employing the technique used earlier by Schild and Silverman (1975), we need to find the
largest B = B(n,p,a,4,6,q) such that

A 102 <1. (64)

i Klp— ' (1+ Ak — g — 1))k — @)1+ 6) — (6 + a)]by
plk—!(1+A(p—q-1D)p—q—a)

k=n+p

Since the functions f,(z) (t = 1,2) belong to the class WH(n,p,a, 4,0, q), then form Theorem
1,we have

Kp-'(1+Ak—q—D)[k-—q(1+8)—(0+a)lb,

=1 .5
KSmip plk—)'(1+Ap—q—1)p—q—-a) ax, < 1 (6.5)
By the Cauchy Schwarz inequality, we have
> k- (1+ Ak —q— D)k — )1 +6) — (6 + a)lby
z Pk—-!(1+1p-qg-D)p—-q-a) Varatz < 1. (6.6)

k=n+p
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Thus, it is sufficient to show that
[(k—q)(1+6)—(6+p)] [(k=q)(1+6)—(6+a)]

—q-PB) V@12 = p-q-a) ’

that is, that

@—q-Plk—)1+8) - (6 +a)]
V@a®er = 0 T k- (11 6) — (6 + DI

But from (6.6), we have

(6.7)

plk—q)!(1+Ap-q-1)p—q—a)
V@i = 4 T+ Ak — g — D) — )1+ 0) — (6 + D)l
consequently, we need only to prove that
(p—q—a)lk—q)(1+0)—(0+p)]
P—q-Blk—q)(1+6) - (6 +a)]
-1+ Ak —q = D)k —@)(A+6) = (6 + )by
plk—)!(1+Ap-q-D)p—q-a)

(6.8)

’

or equivalently, that

B < (P-k (p—@)!(1+A(k—q—1))+p! (k=) (1+A(p—q—1)) [0 — (k- D+6)] (6.9)
kl(p-@)!(1+A(k—=q~1))-p!(k-@)!(1+A(p—-q~1)) '
Since the right hand side of (6.9) is an increasing function of k (k = n + p).
Hence, we have

B
_p-@et+pp-@!(1+Antp-—q-D)+p!+p -1+ -q- D)6 - t+p-@)1+6)]
+p)!p—-!(A+An+p—q-1)-p!+p-@!(1+i(p—q—1)

This completes the proof of Theorem 5.

Theorem 6. Let the functions f,(z) (¢ = 1,2) defined by (4.1) be in the class WH(n,p,a, 2,6, q).
Then the function

R =27 = Y (ahy + ak,)", (6.10)

k=n+p
is in the class WH (n,p, 8,4, 0, q), where

(p—M+2N(O6—(n+p—q)1+ 9))

b= M — 2N

(6.11)

such that

M=@m+p)! - (1+An+p—q—D)(n+p—q)(1+6) — (8 +a)*byyyp,
and

N=p!(n+p—q)!(1+/1(p—q—1))2.

The result is sharp for the functions f,(z) (« = 1,2) given by (6.3).
Proof. From Theorem 1, we have
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i {k! - (1+ Ak —q—1)[k—q)A+6)— (0 + a)]bk}z 2
plk—)!(1+Ap—q-1)p—-q-a) fot

3 i K=l (1+Ak =g = D)k=U+6) =@ +@lb, |
- plk—!(1+2p-q-D)p-q-a) “

k=n+p
<1,(=12). (6.12)
It follows that

l{k! p-)'(A+Ak—q—D)[k—q(1+6)—(6+ a)]bk}z (a2, +a2,)
k,1 k,2

L2 plk—)!(1+Ap—q-D)p-q-a)

<1. (6.13)

Therefore, we need to find the largest Ssuch that
(k-1 +6) -6+ _1k'(p—q) (1+ Ak —q = D)k = q)(1+6) = (8 + @)Dy

w-q-p) ~2 plk—@)!(1+Ap —q—1)p-q—a)? ’
that is, that
P—-q@M+2N(6 - (k—q)(1+8))
B < 3N , (6.14)
where
M=kl(p-g)!(1+Ak—q—1)[(k—q)1+8)—(6+a)]?bh,
and

N=p!k—q!(1 +/1(p—q—1))2-

Since the right hand side of (6.14) is an increasing function of k and by, = b, (k = n + p), then,
setting k = n + p in (6.14), we have (6.11).
This completes the proof of Theorem 6.
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