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St:)?: Y?ezua?tautolor have essential different proof complexities in the same system and 2) the result of
M;mn%aitautology 8y substitution can be proved easier, than corresponding minimal tautology (valid
Sequent proof systems sequents), therefore the systems, which are considered in this paper, are no monotonous

Frege systems
Proof complexity measures
Monotonous system.

neither by lines nor by size.

1. INTRODUCTION

The traditional assumption that all tautologies as Boolean functions are equal to each other is not fine-grained
enough to support a sharp distinction among tautologies. The authors of An and Arm [17] have provided a different
picture of equality for classical tautologies. The notion of “determinative conjunct” is introduced in Chubaryan [27]
on the basis of which the notion of strong equality of classical tautologies was suggested in An and Arm [17. The
idea to revise the notion of equivalence between tautologies in such way that is takes into account an appropriate
measure of their “complexity”.

The relations between the proof complexities of strongly equal classical tautologies in some proof systems are
investigated in [3-57. [t was proved that the strongly equal tautologies have the same proof complexities in some
“weak” proof systems, but the measures of proof complexities for strongly equal tautologies can be essentially
different in the most traditional proof systems of Classical Logic (Frege systems, substitution Frege systems,
sequent systems with and without cut rule). As the set of classical tautologies is co-NP-complete, the theory of
proof complexity for classical proof systems is motivated by the conjecture NP # co-NP. The set of tautologies,
being intuinistically valid is PSPACE-complete, thus the PSPACE # NP conjecture motivates an analogous
research program as in classical case. In this work we introduce the notions of strongly equal non-classical valid

sequents (non-classical tautologies) and show that the proof complexities of strongly equal non-classical valid
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sequents ( non-classical tautologies) can be also essentially different in some sequent propositional systems of
Intuitionistic, Johansson’s and Monotone logics, therefore in corresponding Frege systems as well..

The second theme of our investigation is connected with relation between the proof complexities of minimal
tautologies, 1.e. tautologies, which are not a substitution of a shorter tautology, and results of a substitution in them.
The minimal tautologies play main role in proof complexity area. Really all “hard” propositional formulaes, proof
complexities of which are investigated in many well known papers, are minimal tautologies. There is traditional
assumption that minimal tautology must be no harder than any substitution in it. We introduce for the
propositional proof systems the notions of monotonous by lines and monotonous by sizes of proofs. In [4, 67 it is
proved that many traditional classical proof systems of 2-valued and many-valued logics are no monotonous neither
by lines nor by size. Here we prove the analogous result for some systems of non-classical propositional logic as
well.

This work consists from 4 main sections. After Introduction we give the main notion and notations as well as
some auxiliary statements in Preliminaries. The main results are given in 3-th section and in the last section we

give some problem for discussion.

2. PRELIMINARIES
We will use the current concepts of a propositional formula, a classical tautology and non-classical tautologies,
sequent, sequent systems for non-classical propositional logics [7-97] Frege systems for Intuitionistic and

Johansson’s logics [10, 117 and proof complexity [127]. Let us recall some of them.

2.1. The Considered Sequent Systems
Follow Kleene [77] we give the definition of main systems, which are considered in this point. The particular

choice of a language for presented propositional formulas is immaterial in this consideration. However, because of

some technical reasons we assume that the language contains the propositional variables p, ¢ and pi,q: [i = 1:],

logical connectives =1, =, W, A and parentheses (,). Note that some parentheses can be omitted in generally

accepted cases.

2.1.1. Sequent system uses the denotation of sequent I' = A where I' (antecedent) and & (succedent) are finite (may

be empty) sequences of propositional formulas.

For every formula € and for any sequence of formulas I' the axiom scheme of propositional intuitionistic (PI)
systemis C, " = C.

For every formulas A, B, for any sequence of formulas I' and sequence A which is empty or consists of

one formula, the logic rules are.

ADB, T—A A B, I'—a A T— B

o e

ADE, T=A r- AJF

A, AVE, T—A and B, 4vE, T'=A I+ AorT— B

V— -V —
AVE, T—=a r— AvE
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A, AAB, T=AorB, AAB, T—A r- Aand I+ B
A= —A
AAB, T—=4 T— AAB
—4, = A 4, T=
—— e
~4, T=4 r- -4

For propositional Johansson’s (minimal) system (PM) axiom sxeme and inference rules are the same, but A

must be empty [87]. Note that the order of formula ocurences in antecedents (succedents) are immaterial in above
systems.

The propositional monotone system (PMon), where only monotonous logical functions are used for construction of
formulas, we define follow Atserias, et al. [97].

The axioms of PMon system are

A—-a | =T, r—T,
where A is any formula, Tis sequence of formulas, by and T are denoted “false” and “truth” accordingly

For every formulas A , B and for any sequence of formulas I', I" ",A and A’ the inference rules are.

raA.6-T r.ABA-T r-r'
(L) r.AA-T' (L2) r.BAA—T (Ls) r.a-r'
(L) ABT=A ( ]AUT—?& and B.I'=a'

25 AnBI-A 54 AvBIT —=an
r'—raaa r'-=r.aBa r'=r
(R 1:] r'=ran (R j1" LT BAA (R 3:] r'=ra

r—aAB r-as and r'=a' B

(Ry) r—=AAVE (Rs) r.r'=aa" AMB

To all above systems can be added cut-rule of inference

r-aa Ar—a'
r.r—=an'

We use the well known notion of proof'in all above systems.

Any sequent I' = A is called I-valid sequent (M-valid sequent, Mon-valid sequent) if it is deduced in the
system PI (PM, PMon). Any formula A is called I-tautology or M-tautology if sequent —* A is deduced in the

corresponding system PI or PM. Any formula ADB is called Mon-tautology if sequent A —B is deduced in the

system PMon.

63
© 2018 AESS Publications. All Rights Reserved.



Journal of Asian Scientific Research, 2018, 8(2): 61-72

Remark 2.1.1

1) Every Mon-tautology (Mon-valid sequent) is M-tautology (M-valid sequent), every M-tautology (M-valid
sequent) is I-tautology (I-valid sequent) and every I-tautology (I-valid sequent) is classical tautology (classical valid
sequent).

2) If any formula is not classical tautology, then it is not non-classical tautology as well.

Let I = A be some sequent, where Iisa sequence of formulas A4, A5, v, A (l = ﬂ:] and A is a sequence of

formulas By, By e, By [m = ':':]. The formula form of sequent (ffs.) I' = Ais the formula @1, which is

defined usually as follows:

A ANA AN LANA, DBy VE, V..VE Lmz=1,
DA ANA A LAA DL for lZ21 m=0,
3) ByVB,V.VB, forl=0m=1
It is well-known that I =+ A is classical (intuitionistic, Johansson’s, monotone) valid sequent iff (if and only

Iif) its ££s. is classical (intuitionistic, Johansson’s, monotone) tautology.

0 Dand D'

For every inference rule 7 (T ) we call inference formula form (i.£f) the formula ffs.D>ffs.E

(ffs.D2(ffsD' SffsE)).

Sometimes we'll use term tautology (valid sequent) for all types of above mentioned tautology (valid sequent) further.

2.2. Some Properties of Tautologies (Valid Sequents)

Here we give some properties of propositional formulas, which will be used for main results.

2.2.1. Determinative Disjunctive Normal Forms

Following the usual terminology we call the variables and negated variables literals for classical logic. The
conjunct K (clause) can be represented simply as a set of literals (no conjunct contains a variable and its negation
simultaneously).

In [1, 2] the following notions were introduced for classical logic. Each of the under-mentioned trivial

identities for a propositional formula Y is called replacement-rule:

0&yY =0, Y& =0, 1&p=1,  Y&1 =1,

ovy =1,  YvOo=1y, 1vyp=1  Pvi=1,
0oy=1 P>0=-y, 1dy=9, P>D1=1,
~0=1, —1=0, ——=1.
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Application of a replacement-rule to some word consists in the replacing of some its subwords, having the form

of the left-hand side of one of the above identities, by the corresponding right-hand side.

Let @© be a propositional formula, P = {p;, P, ., Py} be the set of all variables of @, and

p'= {pi._rpizr ""pim} (1 =m = n)be some subset of P.

Definition 2.2.1.1

Given 0 = ECF;L; Oz eens Cfm} C E™ the conjunct K% = {p, “1, plzﬁz’ s pimﬁm} is called @ — 1 -
determinative (4 — 0 -determinative) if assigning G (1 =j = m:] to each Py and successively using
replacement-rules we obtain the value of €2 (1 or 0) independently of the values of the remaining variables.

Definition 2.2.1.2

DNF D = {Kl,ffz, ,K}} is called determinative DNF (DDNF) for @ if ¢ = D and every conjunct

K. (1 =i =j)is 1-determinative for @.

Definition 2.2.1.3

DNF D = {K,,K,, ,fi;} is called determinative DNF (dDNF) for @ if @ = I and every conjunct

K. (1 =i =j)is 1-determinative for @.

It is obvious, that for every classical tautology each corresponding dDNF must be also classical tautology.

Some arguments for the following definition were given in An and Arm [17].

The classical tautologies © and Y are strongly equal if every determinative conjunct for @ is determinative conjunct for P

and vice versa.

It is not difficult to see, that dDNF for classical tautology can be constructed directly. As the non-classical
validity is determined by derivability in some accordingly propositional proof system, the above definition of dDNF
for non-classical tautologies is not applicable. In Chubaryan [27] some algorithm for construction of dDNF for

classical tautologies on the base of their resolution refutations was given. The analogies of dDNF for intuitionistic

and Johansson’s tautologies (¢ — I-determinative DNF and ¢ — M-determinative DNF accordingly) were

constructed on the base of proofs in intuitionistic and minimal resolution systems [137] where, in particularly, were

showed, that only variables with one or double negations are the literals in I-determinative conjuncts and

p2L or [P :’J-] D1 type formulas are literals in M-determinative conjuncts. The Mon-determinative

DNF for every Mon-tautology ADB can by constructed by analogy on the base of some PMon-proof of sequent
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A—* B . As literals for monotone logic can be p-and p, depending of positive or negative occurrence of variable p

in the axioms of PMon-proof of sequent A—+ B .

Definition 2.2.1.4
DNF is called dDNF for a valid sequent if it is dDNF for its ffs..

Main definition 1. The classical (intuitionistic, Johansson’s) tautologies @ and Y are strongly equal if every dDNF (I-dDNTF,
M-dDNF) for @ is dDNF (I-dDNF, M-dDNF) for ‘lfJ and vice versa. The classical (intuitionistic, Johansson’s, monotone)
valid sequents T'—= A gdl' = A" are strongly equal if every ADNF' (I-dDNF, M-dDNF, Mon-dDNF') for '—= A g

dDNF (I-dDNF, M-dDNF, Mon-dDNF) for T' = A" and vice versa.

2.3. Essential Subformulas of Tautologies (Valid Sequents)
For proving the main results we generalize for non-classical tautologies the notion of essential subformulas,

introduced in Chubaryan [27].

Let F be some formula and Sf (F) be the set of all non-elementary subformulas of formula F . For every formula
F, for every @€ St (F) and for every variable P by F(pp is denoted the result of the replacement of the
subformulas ¢ everywhere in F by the variable P .1If @ & Sf (F) , then pr is F .
We denote by Var(F) the set of all variables in F .
Definition 2.3.1

Let P be some variable that [ %Var(F) and @€ St (F) for some classical tautology (I-tautology, M-
tautology, Mon-tautology) F . We say that @ is an essential subformulain F iff F(pp is not classical tautology.
Note that for example the subformula =4 is not essential for I-tautology —7—1—A WV = =4, because the formula
—=p V P is not I-tautology, but is classical tautology.

The set of essential subformulas in tautology F we denote by Essf{F), the number of essential subformulas — by

Nessf{F) and the sum of sizes of all essential subformulas by Sessf(F).

Definition 2.3.2

A tautolgy is called minimal if it is not a substitution of a shorter tautology.
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Definition 2.3.3

Sequent I' = A'is called minimal valid if its formula form ¢, is minimal tautology.

We denote by S(§?) the set of all formulas, every of which is result of some substitution in a minimal tautology ¢2.

If F is minimal tautology, then Essf (F) = Sf (F) .

Definition 2.3.3

The subformula ¢ is essential for valid sequent I' = A'if it is essential for its formula form.

It easy to prove the following statements.

Proposition 2.3

Let F be some of above proof system (with and without cut rule), ' be a valid sequent and @ € Essf (F) ,
then

e in every F-proof of F subformula @ must be essential either at least in some axiom, used in proof or in

L.L.f. for some used in proof inference rule,
e there is some constant ¢ such that the number of essential subformulas for every axiom of F and of i.f.f. for
every inference rule of F is no more, than c.
Both statements of this Proposition can be proved by immediate examination every of axioms and inference rules in
each of above systems. The analogous statements for traditional proof systems of classical systems are proved in

Chubaryan [27].

2.4. Proof Complexity Measures

By | @ | we denote the size of a formula ¢?, defined as the number of all logical signs in it. It is obvious that the

full size of a formula, which is understood to be the number of all symbols is bounded by some linear function in |

In the theory of proof complexity two main characteristics of the proof are: ¢- complexity (length), defined as

the number of proof steps, 1-comp]exi(y(size), defined as sum of sizes for all formulas in proot’ [127].

Let @ be a proof system and I' = A be a valid sequent. We denote by ff_m (i?_mj the minimal possible value of

t-complexity (l—complexity) for all @-proofs of ' = A
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Main Definition 2. Sequent proof system ® is called t-monotonous (I-monotonous) if for every valid

sequent I' = A and for every sequent I'y =+ A, such that Pry-a, € SPr-a) tf:_m < tﬁl"ﬂl

¢
(Ir—m S'!ﬁl —}Alj .

3. MAIN RESULTS
3.1. Auxiliary Statements
Before we prove the main theorems, at first we must give some easy proved auxiliary statements. Let us

consider the following sequences of sequents:

n

D.= p—BV (V@Y V(EVD).))

H

E= p—=DA@A@A -~ A@AD) D),

n

F.= p—qVpA(A@A. A(PAD)...))

n

G= p—(@EAP)VDAPA(PA -~ A(PAD) ).

Lemma 3.1.a) There are constants ¢, ¢:c;and ¢: such, that for every z

tJ;Mn-u PMon < on
n

<e tﬂn PMon IE::IM

< ¢ and Ipﬂ < ¢,

b) There are constants ki k- ksand &+ such, that for every =
Pr Pr PI 2z Pr

tg, =hkn, g 2kn and lg 2kn®, lp > kn®.

Proof of point a) is obviously. Really for every n sequent D.can be proved in PMon as follow

p—=p
n—1
p—=p.pvipvipv.. vipvp) ..J)
Dn

For every n sequent G.can be proved in PMon as follow

-—JF'

T4
L
il
0
A
=
T3 |y

P

prpappAlpalpiAlpAR) -]
on
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For proving of point b) note that for each 7 (1<i<n) the formula P/ (p Ao A (‘p A p:] . ]:] is essential

both for E. and F, therefore Nessf{E.,)=n, Nessf(F.)=n and Sessf(E. )= ﬂzfz, Sessf(E. ) = ﬂz,fz. Now we must use

the statements of both points from Propositional 2.3. ]
Corollary. Above statements for sequents D, and E.are true in the systems PI and PM as well, Therefore

above statements for sequents G.and F.are true in the systems PM and PMon as well.

Theorem 1. a) The intuitionistic, Johansson’s and monotone valid seguents D, and E,, are strongly

equal.

b) For every of above mentioned system F (with and without cut rule)

t";n = 0(1) and !J;n = O(n), but tgﬂ = ﬂ[ﬂ] and I“;TJ = ﬂ(ﬂ.z:]

Proof. It is not difficult to see that I-<dDNF of D, and E is {—p, 7—p }, M-dDNFot D, and E,is { p 21,

[P :’J-] 21}, and Mon-dDNF of D, and E , is {p", P}, therefore seguents D, and E,, are strongly equal.

Proof of point b) follows from Corollary of Lemma 3.1.. O

Theorem 2. Every of above mentioned systems F (with and without cut rule) is neither #monotonous nor I

MONoOtonous.

Proof. It is not difficult to see that for every n sequent F. is minimal valid sequent and corresponding sequent G. is

result of substitution in F.. From Corollary of Lemma 3.1. it is follow that tiﬂ =0(1) and I"’;n =0(n), but

tJ;n = ﬂ[ﬂ:] and -.':J;n = ﬂ(ﬂ,zj [m]

3.2. Results for Frege Systems of Intuitionistic and Johansson’s Logics
Here we recall the definitions of Frege systems for Intuitionistic and Johansson’s logics, which are given in

Mints and Kozhevnikov (107 and Sayadyan and Chubaryan [117] correspondingly.

Definition 3.2.1

. Ay, Ay, - Ay .. . .
Some inference rule -5 s called admissible for some Hilbert style proof system % if formula B can

be deduced in this system from the premises 4-511: ﬂz: s J"lﬂ.

Let I and M. are the following systems (see, for example Kleene [77]).

For each propositional formulas A, B, C every from the following formula is axioms scheme of I,

1A > (B> A4
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N(ADB)D((A>(B2C))>(4>0))

3)A > (B> AAB)

4VAABD AAANEBED B

5)ADAVE,BEDAVE

6)(AD YD ((E2C)> (AVE 2 ()

(A>D B) > ((A> —B) > =4)

8)—A4A 2 (A2 B)

AADE

Inference rule is modus ponens (m.p.).

The system M, has only axioms scheme 1)-7) and instead if negation =4 is used A 2 L.

For definition of Frege systems for Intuitionistic and Johansson’s logics we use the generally accepted notion of

polynomial simulation. Let @, and @, be two different proof systems.

Definition 3.2.2

The system @, p-simulates the system @, if there exist the polynomial p() such, that for each formula ¢

provable both in the systems @, and ®,, we have 151 = p (152:] .

Definition 3.2.3

The systems @, and @, are p-equivalent, it systems @, and D, p-I-simulate each other.

Definition 3.2.4

Every Frege system for Intuitionistic (Johansson’s) logic FI (FM) consists from finite set of axioms schemes,
each of which is provable in I, (M), finite set of inference rules, each of which is admissible in I. (M.), and FI (FM) is
p-equivalent with I (ML).

It is not difficult to prove, that the statements of the Theorems 1. and 2.are valid for Frege systems of

Intuitionistic and Johansson’s logics, using the formulas:
2'1
(D). =p2pV(pV(PV.. V(P VD)...))

2'1
(E)\,= popA(pA(pA.. A(pAp)...))
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2'1
(F).= pogV pA(pA(pA.. A(pAp)...))

2'1
(G)h= po(pAP)VPA(PA(PA .. A(pAp)..)).

4. DISCUSSION

We want to note, that for every z the sequent G.is result of substitution in the other minimal valid sequent

p—»[p Ap) Vg, t-complexity and i—complexity of which is bounded by some constant in all above mentioned

systems. We can introduce the following definition: the sequent proof system @ is called t-strongly

monotonous (1 -strongly monotonous) if for every valid sequent I' = A there is minimal valid sequent

& ¢ ] & o .
'y = A, such that Pr_4€ S@Pr,-a,) and trl"ﬁl = o, (Irl"ﬁl = I ., ). It is interesting to
investigate the following problem: are the above non-classical systems as well as the classical systems strongly
monotonous? It seems that answer must be positive. Analogous question for tree like proofs was stated in Anikeev

[147. Investigation of this questions are in process.
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