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Abstract

This study seeks to determine the workings of a system of
acreage allocation given price and yield uncertainty so as to
identify the role that uncertainty in market output has in
acreage alocation decisions. This study adapts expected utility
as developed by Chavas and Holt. The major findings of this
study are as follows. 1) the effect of weath in acreage
decisions depends not only on the risk preference of the farm
but also on the risk in and the structure of the output market, 2)
violation of symmetry can come from (i) differing expectations
regarding yield and price, (ii) risk differences in the price and
yield for each crop, and/or (iii) different risk preferences
among farm households, 3) the non-negativity of own
compensated acreage effects would be satisfied if Proposition 1
or 2 holds, 4) production decisions would be affected by price
and yield risk even when all input and output prices change
proportionaly, in which case homogeneity would not be
satisfied without Proposition 1, and 5) symmetry of expected
price and yield requires additional restrictions on the ratio of
expected yields and prices and responsiveness of acreage to
crossyield and price.
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I ntroduction

The acreage alocation decision is related to fixed
input information and quasi-fixed output
information. At planting time, a farm household
alocates acreage under the premise of relating
certain production factors (e.g., input costs) in
some sort of relationship with assumptions
regarding what market conditions will be at the
time of harvest (e.g., market price given certain
quantities). Uncertainty is directly related to price
and yield in the output market. The randomness

of price is represented by P = P + € where
e =h(xa), E[g]=0ad E[p]=p. The
variable x represents a set of infinite demand

shifting variables and o represents a set of
passive parameters of the variables. Therefore,

price will deviate from expected price E[p,] if
Zi a; # 0 inacrop year. One example of price

deviation could come from changes in consumer
tastes and/or population diversity. Similarly, the
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randomness of yield is represented by
y, =V, + & whereg, = f(z,),E[¢ ]=0 and
E[y ]=V,. The variable z represents a set of

input factors uncontrolled by the farm household
and S represents a set of passive parameters of
the variables. Therefore, yield will deviate from

expected yield E[yJif D" 8 #0 in a crop

year. One example of yield deviation could come
from unusual and uncontrollable events of nature
in acrop year (e.g., drought, pestilence, etc.).

Related to uncertainty, there are numerous studies
that provide evidence showing that risk and risk
preference are important factors in agricultural
production decisions (Behrman, 1968; Just, 1974;
Lin, 1977). Chavas and Pope (1985) examined
expected utility maximizing conditions in
alocating input factors under output price
uncertainty for any risk preference and probability
structure. In their study, they indicated that risk
responsive behavior under uncertainty influences
output supply and input factor demand and that



those effects are critica if firms are not risk-
neutral. Chavas and Holt (1990) developed an
acreage supply response model using a specified
expected utility function. In their study, they
indicated that risk and wealth play an important
role in determining acreage allocations.

Using these previous studies as a starting point,
this study develops a system of acreage alocation
under price and yield uncertainty to identify
acreage response to changes in wealth and risk.
As previous studies have indicated, wealth and
risk effects on acreage response will depend on
the risk preference of a particular farm household.
Therefore, any such system should show how
wedth and risk effects on acreage response
depend on the farm household’s risk preference.
In addition, a system derived from expected utility
maximizing procedure will be examined under the
auspices of fundamental postulates of classical
microeconomic theory. These include symmetry,
positive semi-definiteness, and homogeneity. In
order to achieve these objectives, this study will
discuss model development in section two,
properties of the acreage equations in section
three, elagticities of net profit, price, and yield in
section four, and present implications and
concluding remarks in the final section.

Model Development

This analysis starts by defining a percentage (or
share) for arable crop acreage. The total acreage

n
of a farm household is defined asL =) A
i=1
where A isthe number of acres devoted to crop i

and L is the total acreage available for producing
n crops. Individua farm size typically differs
across farms so that the value of L is different
depending upon the specifications for each
individual farm household. To eiminate this
difference among farm households, the acreage
constraint can be modified into percentage (or

n

share) form and expressed as 2q =1 where
i=1

a is acreage share of crop i(31 =A/ L). The

sum of share acreage allocated to n crops will be
equal to one regardless of differences in
individual farm households. Also, the acreage
share allows for the acreage constraint be defined
as
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n k
@ (Zaj =1
i=1
Consider a farm household producing n crops
where Y, isyield of theith crop per acreand P is

the corresponding market price, i =1,. . .,n, then
the share of acreage revenueisgiven as

) r=y pya.
i=1

Denoting the cost of production per acre of the ith
crop asC, the total share acreage cost of
agricultural production is expressed as

) c=Yca.
i=1

Since output prices p=(p1,...,pn) and crop

yields y=(yl,...,yn) are not observed by a

farm household when production decisions are
made, share of acreage revenue (r) is a variable
which we associate as being ‘risky’. In contrast,
total cost is fixed because input prices are known
at the time crop acreages are allocated.

Now, let the budget constraint of a farm
household be represented by:

n
4 G=w+) 74,

i=1
Where G represents all goods purchased by the
farm household, w denotes exogenous income (or

wedth), and 7z, = P Y, —C is net profit of crop

i. G, w, andz; (p,adC) are assumed to be

numeéraire normalized by a consumer price index,
q. Therefore, G aso denotes the farm
household’s consumption expenditures. Equation
(4) states that wealth (w) plus farm profit (z) is
equal to consumption expenditures (G).*

If a farm household recognizes that the expected
net profit for crop i is greater than that for crop j
(7[, = E[JZ'i]>7?j = Elﬂ'j J)at planting, then a
profit maximizing farm household will alocate all
arable acreage to crop i. Therefore, we need an
assumption in order to identify the effects of the
random components of price and yield on acreage
decisions that the expected net profit of crops are
equal to each other, 7; =7;. However, as has

been aluded to, real net profit is different (
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7, # 7t;) because of the random nature of the

components of price (e) and yield (8) .

In addition, let us assume that a farm household’s
preferences are represented by a von Neumann-

Morgenstern utility function (denotedU(G))

satisfying the necessary condition of concavity. If
a farm household maximizes expected utility
under competition, then the decision model is then
expressed as

n k
®) L:EU(H)+1{1—[231) }
i=1
Where E is the expectation operator over the

random variables andy = w+ Zn: za represents
i=1

wealth.

This formulation illustrates that an acreage
decision is made under uncertainty because of the
random nature attributed to the variables of yield
and price with given probability distributions.
Consequently, the expectation, E, in (5) is taken
over the uncertain variables p and y and is based
on the information available to a farm household

at the time of planting. The utility function U ()

is assumed to be monotonically increasing in
wealth at a decreasing rate. Also, under the
assumption of competitiveness, the decision
variable (a) does not influence the probability
distributions of p andy.

The economic optimization problem (5) for the
acreage alocation decision explains (i) risk and
the attitude to risk as having a tangible effect on
the acreage allocation process, and (ii) it examines
the system of acreage allocation equations under
the postulates of classical microeconomic theory
which include symmetry, positive semi-
definiteness, and homogeneity. In brief, we let

a denote the optimal acreage choice in (5), such
a choice depends on the expected wealth and the
digtribution of expected profit. In other words,
the optimal acreage decision can be expressed as

a(w7,o).
From equation (5), the n first-order conditionsto a

farm household expected utility maximization
problem are given by
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oL o, ™
(6.1) L, :aizE(unHa)—ﬂ,kq(Zl:ajJ =0
and
k
oL .
(6.2) L-“_1[Sal =0
o (Zaj

Then, n optimal acreage equations are defined as
follows:

©) EU,I,)

E[iunnaj
j=1

Properties of the System of Acreage Share
Equations

Wealth Effect
Sandmo (1971) and Chavas and Holt (1990)
have examined the relationship between wealth

effects, 0a /Ow, and the nature of risk
preference. Their studies indicate that a wealth
effect of zero implies constant absolute risk
aversion, while a non-zero wealth effect
corresponds to non-constant absolute  risk
aversion. In order to examine their findings,
equation (7) can be differentiated in terms of
wealth (w),

n
. EU HHH%HW)E(ZUHH%

(®) da _ i
dw n 2
El > U,
j=1
where E(U I, IT,,

=(PY, -6 W + (58 + P& + €5 Ui ~Urn)
- See Appendix |I. UHH represents an expected
change in the marginal utility of wealth (IT) when
w changes and U, represents a real change in

the marginal utility of wealth (II) when w
changes. The probability of w having a specific

value R* is 0< ¢(h) <land
[[#(wjaw=1.

in

The properties of wealth’s effect on the acreage
alocation decision can be summarized in the
following Propositions.



Proposition 1. A zero wealth effect will be
satisfied if a farm household is constantly
absolute risk averse.

Proposition 2. A zero wealth effect will be
satisfied under non-constant absolute risk averse
if disturbances of price and yield are zero.
Conversely, a zero effect of wealth will not be
satisfied under non-constant absolute risk
aversion if disturbances of price and yield are not
Zero.

Proof
If a farm household is constant absolute risk

averse, then E(U il L ) will be zero regardless
of risk of price, yield, and market condition.
Thus, o0& /8\N=8a? /ow=0 in equation (8).
Also, when e and ¢ are zero with Py = Cin the
competitive market, E(U,I1,11,,) will be

zero regardless of whether a farm household is
constant or non-constant absolute risk averse.

That is, 08 /ow=da; / ow=0 in equation (8).

As aresult, a zero effect of wealth (w) on acreage
decisions will depend on that farm household’s
risk preference, risk preference with respect to the
output market, and risk preference with respect to
output market structure.

Farm Effect

In equation (), EU,I1, )

ZUl‘lﬁi (U _n )r)igi +(Un _Uﬂ)yiq
+(Uq -0y e

See Appendix |I. UH represents the expected

marginal utility of wealth, (IT), which is expressed
__ h
as U, = U“.[o ¢(W)1W U, represents the

real marginal utility of wealth (IT) as w changes
from hy to h;. Therefore, n differential acreage
alocation equations can be obtained from
differentiating equation (7) intermsof 7, e, ¢,
and e¢ Thisisillustrated mathematically as

da’ => y,d7z; + > ¢;de
9) = i—1

n n
+Z¢ijd‘91 +Z‘/’ijdej‘91

j=1 j=1
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The own- and cross-parameters of ¥ in equation
(9) are

U, ; & -U.7
(10.1) ~ “{; oo 'J,and
i = 2
2o
=1
-U.7U,
(102)  y; = nH 0
j=1
where @1 =007, + U, ~0, B
+U, -0, )y,e +U, -0, )eg

The parametersof ¢, ¢, and | are presented in
Appendix I1.

Symmetry and positive semi-definite restrictions
with respect to optimization for equation (5) are
related to the compensated wealth acreage effect,
assuming that one holds utility constant. The
compensated wealth acreage effect takes the form

da’ _da da

(12)
dz, dz, dw

‘a, i,j=1..n.

wheredg' /07; is the wealth compensated

acreage effect of crop j on crop i maintaining
constant utility of a farm household. The matrix
of compensated effects is symmetric and positive
semi-definite (Chavas, 1987). As Chavas and
Holt (1990) indicated, equation (11) also implies
that the dope of the uncompensated function

oa | O7; can be decomposed into the sum of
two terms: the compensated slope (or substitution
effect) 0a°/O7; which maintains a given level
of utility and the wealth effect (0a /ow- & ).

Symmetry

The cross compensated acreage effects are
derived using equations (7), (8), and (10.2) as
follows:

(12)
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daic _ _Unﬁign

d77j n 2
2.0,
=1

(Ve + P +ee U -

=1

oo
ek
=

Equation (12) indicates that cross-compensated
acreage effects will depend upon the level of
uncertainty and the expected values for price and
yield.  Therefore, the general condition of
symmetry under uncertainty cannot be satisfied
because disturbances are different for price and
yield. However, if Proposition 1 or 2 holds, then
the symmetry condition will be satisfied.

Proof
Since the expected net profit of crop i is equa to
the expected net profit of crop j,

-0, 70, -UyzU,
Vi = . R =7
$o] (52
Given condition, da’ - diic because
dz, dz
(yiq+ﬁgi+q$i) will be zero when

Proportion 1 holds or @, will be zero when
Proportion 2 holds.

Therefore, any violation of the symmetry
condition related to uncertain output market at
planting time stems from 1) a farm household that
has a different expectation with respect to crop
yield and price, 2) price and yield risk for each
crop is different, and/or 3) an individual farm
household has a different/unique risk preference.

Positive Semi-definite
Own compensated acreage effects are derived by
using equations (7), (8), and (10.1) as

50

2(3): 46-55

o Un[zq)j +(yiei +P& +ee; )J

e
oS0

y|e|+p\‘(“\+ |)(U
n 3
i
j=1
Therefore, the general condition of positive semi-
definiteness under uncertainty indicates that the
non-negativity of own-compensated acreage
effects will depend upon 1) price and yield risk
(direction and magnitude), 2) expected values of
price and yield, and 3) the relative strength

betweenU ; and U,,,. Regardless of a farm

household’s risk preference, violation of the non-
negativity condition implies that the acreage
alocated for crop i can decrease even when the
expected net profit for crop i increases. This
occurs because price and yield risks are high (in
absolute terms) and a change in the real marginal
utility of wealth of a farm household is relatively
small compared to a change in expected marginal
utility of wealth. However, if Proposition 1 or 2
holds, then the non-negativity condition of the
own-compensated acreage effect will be satisfied.

&
(13)

Proof
Under Proposition 1 or 2, the own compensated
acreage effects will be reduced into the form

[Zunfz

[ J We know that expected
JZ

dT?i (e V¢
2Un7,
j=1
marginal utility
(UH ZUHI;¢(7;i )z zo). Also, allocation of

is positive

acreage to crop j requires that expected revenue in
producing crop j be greater than or equa to the

total cost of producing crop j, implying 77; = 0.

da’
Therefore, i_ZOWhen Proposition 1 or 2

dr,

holds.



Homogeneity

Regardless of a farm household’s risk preference,
the homogeneity condition is defined as:

(14)

Uni(yjej + Ejgj +ejgj)

j=1

22

The genera condition of homogeneity depends,
therefore on €.&, and €¢;. Thisimplies that

production decisions can be affected by risks
associated with price and yield even when al
input and output prices change proportionally. In
this case, homogeneity would not be satisfied
without Proposition 1.

- da’
Zdﬁj -

j=1

-0

Acreage Elagticities

To study the relation between acreage el asticity of
expected net profit and acreage elasticity of
expected price and yield under uncertainty, this

study will consider the shift in 77; brought about
by changesin P,andy, .
defined as follows:

(15) dﬁi =Y, dﬁ +P dyi'

Substituting (15) into (7), we obtain n differential
acreage equations defined intermsof P and Y as

follows:
(16)

Such achangein 7; is

=2 & dp; + .y, + D ¢,de
j=1 j=1 j=1

n n
+Z;(p” dej +Z;V/” dejgj
j= i=

The own- and cross-coefficients of expected price
elagticity (é) in equation (16) are

U,y +U, -G, D,
ary _[ " )5]12 ,
@DJ
(172 g - ~ U9 +Un -y Je Jo,

Acreage Allocation Decision under Uncertainty...
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The own- and cross-coefficients of expected yield
elagticity (é’ ) in equation (16) are expressed as

U U o,
CLE I _[ P+ 2)‘3];
5
(182 £ _ Uny + U, -Un)s o,
5

Since the coefficients of expected price (5) and
yield (é’ )elasticity are weighted by expected

yield ()_/i)and price([_)I ) respectively, symmetry
conditions do not hold even when Propositions 1
and 2 hold because the expected yield of crop i
could be different from the expected yield of crop

iy # )7j ) and the expected price of crop i could
be different from the expected price of crop j(
P #P)). this relationship can

identify the cross-effects of expected price and
yield on acreage allocation when the condition

day
dz, dz
Propositions 1 or 2 hold.

However,

*

is satisfied in  which case

The cross effects of expected price and yield on
acreage alocation can then be expressed by the
following eguations,

(19.1)
da1 da &da’; _&da: -
dp; y. dp P dy Py
(19.2)
da Py dy pjda poda
dy, p dV y, do y, dp,

The mathematical procedure to derive equations
(19.1) and (19.2) is discussed in Appendix Ill.

As seen in the above equations, the symmetry
conditions of expected price and yield would not
be satisfied without additional restrictions with
respect to the ratios of expected yield and prices
of cropsi and j as well as cross-responsiveness of
acreage to changes in expected yield and price.
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For example, the cross-effect of expected price of
crop j on acreage of crop i would be equal to the
cross-effect of expected price of crop i on the
acreage of crop j only when the expected yield of
crop i isequal to the expected yield of crop j and
the cross effects of expected yields of cropsi and |
on the acreage allocations of crops j and i are
Zero.

Conclusions

This study developed a system of acreage
alocation under price and yield uncertainty to
identify the role that output market uncertainty
playsin acreage adlocation. The major findings of
this study are as follows. First, a zero effect of
wedlth in acreage decisions would be satisfied
regardliess of uncertainty with regards to price,
yield and market condition, if afarm household is
constant absolute risk averse. Undoubtedly, when
price and yield are determined in a competitive
market (i.e, e and ¢ are zero with Py =C), a

zero effect of wealth in acreage decisions would
be satisfied regardless whether a farm household
is constant or non-constant absolute risk averse.
These results imply that a zero effect of wealth on
acreage decisions would depend on 1) risk
preference and/or 2) the degree of uncertainty and
structure of the output market.

The prerequisite symmetric condition of the
Hessian matrix of expected utility would not be
satisfied because disturbances of price and yield
are different. However, the symmetric condition
would be satisfied if Proposition 1 or 2 holds.
This implies that a violation of symmetry might
come from 1) different expectation of a farm
household on yield and price, 2) different
acceptable risk levels of yield and price for each
crop, and 3) different risk preference of individual
farm households.

The non-negativity of the diagonal elements of the
Hessian matrix of expected utility would depend
on 1) risk of price and yield (direction and
magnitude), 2) expected values of price and yield,
and 3) relative strength of changes in real and
expected marginal utiIity(Um and Unn)-
Regardless of a farm household’s risk preference,
the violation of the non-negativity constraint
under uncertainty implies that acreage of crop i
can decrease even when the expected net profit of
crop i increases. This is because price and yield
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risks are disproportionately skewed in a negative
direction if it happens and thus a change in the
real marginal utility of wealth of afarm household
is relatively small (in magnitude) as compared to
a change in the expected marginal utility of
wedlth. If Propositions 1 or 2 hold however, the
non-negativity condition of the diagonal elements
of the Hessian matrix of expected utility would be
satisfied.

Homogeneity under uncertainty would depend
upon the variation (individually) and co-variation
of both price and yield. This implies that
production decisions would be affected by risk
associated with the variability of price and yield
even when al input and output prices change
proportionally. In this case, homogeneity would
not be satisfied without Proposition 1.

Unlike the conditions needed to achieve
symmetry for expected profit, the symmetric
conditions of expected price and yield will not be
satisfied without imposing additional restrictions
regarding the ratios of expected prices and yields
of cropsi and j as well as the cross responsiveness
of acreage to changes in expected price and yield
because the cross effects of expected price and
yield on acreage allocation would depend upon
the ratio of values of expected yields and prices as
well as crossresponsiveness of acreage on
changes in expected price and yield.

Footnote

1. See Chavas and Holt (1990)
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Appendix | : Expected Value of First and Second Derivative Utility Functions

Expected Value of First Derivative Utility Function

EU,I1, )
= E[U,, ((p+e)(y.+s) Gl
= E[U,(7 + P& + Ve +8s)]

Un]+ ﬁungi - F_lgi [

L =EJu quﬁ )da, .

U, U)p. +(U,

n’h +

U )i + U,

[Un]+ REU,s ]+ VEULe ]+ ElULes ]
n]+yiunq_yin[U
‘.~—¥e—ee)ﬂb J+(pe +vig +85 Uy
Ma gs )0, +(Pe + Vg +e5 U,

n]+Unqg—Q&‘i E[Un]

0, e

Expected Values of Second Derivative Utility Function

E(U, 11, 11,,)

dI1

= E(UmHa_) because of I1,, = o =1

= E(Ul'ﬂ'l((r)l +Q)(yi +5i)_cl))
=EU(PY, -G + Vg + P& +8&))
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:( Y _Q)E(Unn)"' yiE(Uan)"' r)lE(UHHgi)+ E(Unnqgi)

:(_I Y _Q)E(Unn)"' yl(Ul_ﬂ_[q _QE(UHH))"' pu(ur[ngi — & E(Um-[))+Um-[€1‘6‘i —8¢ E(Unn)
:(_I Y _Q)E(Unn)"' vieUn, — yin(UHH)+ P&V — pugiE(Urm)"'qgiUrm — 8¢ E(Unn)
=(PY —G - V& — P& — 65 )EUnm )+ (V& + P& + 86 Mo

=(PY —G)EUm )+ (%& + P& + 66 W — (%6 + P& +66 )JEU,)

=(PY, ~G)EUm )+ (%8 + P& +ae Ui —EU,)

:( +

B, —C W +(%& + P& +& U - nn)
)

Appendix II: The parametersof ¢, ¢, and y in Equation (11)

In equation (9), & = — Un 7 +(U -y, )F_3 (UH _UH)Yiq +(UH _Un)qgi

0,7, +U, -0, )¢, + U, -0, )y,e + U, -0 e s ]
j=1
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da1 — __(Un__n).

des, ( jz
cDi
=1

Appendix I11: Priceand Yield Effects on Acreage

da daj |
If —— = —— given Proposition 1 or 2, then

dz;, dr
dy _1dy 1da
dﬁi yj dr)i r)J' dyj
d_ai*_idai*Jridai*_ida}Jrida}_da;
dz, y,dp, Py dy, V.dp Py dm
Therefore, price effect of crop j on acreage of cropi is

da*:&da]+&daj_&d31*
do, y dp P oy P dy;
and yield effect of crop j on acreage of crop i is
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