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distribution under perfect competition and government education subsidy policy. We
simulate the economy composed of three groups of households. We carry out
comparative dynamic analysis and demonstrated how a change in a parameter affects
the path of economic growth.
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Contribution/ Originality: This study is one of few theoretical studies, which model dynamic interactions
between physical capital, human capital, and income and wealth inequalities. It integrates the main determinants of
economic growth in the Solow-Uzawa’s neoclassical growth theory, Uzawa-Lucas model, Arrow’s learning by

doing, Zhang’s creative leisure, and Walrasian general equilibrium theory.

1. INTRODUCTION

This paper is concerned with dynamic relationships between economic growth and income and wealth inequalities.
Forbes (2000) argued for the necessity of a new analytical framework as follows: “careful reassessment of the relationship
between these two variables (growth rate and income inequality) needs further theoretical and empirical work evaluating
the channels through which inequality, growth, and any other variables are related.” This study emphasizes the role of
government subsidy policy on human capital and inequalities. As emphasized by Zhang (2013) it is difficult to properly
deal with issues related to income and wealth distribution with the current mainstream analytical economics. To
overcome problems of the lack of a proper analytical framework for analyzing economic dynamics with heterogeneous

households with microeconomic foundation, Zhang apply an alternative approach to household behavior. By applying
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the new tool for analyzing household decision, we can effectively deal with many important issues in dynamic economics.
This study applies the approach to the complicated issue of growth with government subsidy policy.

This study is based on a few economic theories. As far as economic structure at a point in time is concerned, the
model framed within the Walrasian general equilibrium theory. The analytical framework of general equilibrium
theory was initially constructed by Walras (1874). The theory is further developed by many other economists (e.g.,
(Arrow and Debreu, 1954; Gale, 1955; Nikaido, 1956;1968; Debreu, 1959; McKenzie, 1959; Arrow and Hahn, 1971;
Arrow, 1974; Mas-Colell et al, 1995)). The theory deals with equilibrium of pure economic exchanges. However, the
theory failed to properly include endogenous wealth (and other dynamic factors such as changes in environment,
resources, human capital and knowledge). This study introduces endogenous physical capital and human capital into the
general equilibrium theory. Our model is to introduce the neoclassical growth theory into the Walrasian general
equilibrium. The traditional neoclassical growth theory is not successful in examining economic growth with
heterogeneous households. Most of the neoclassical growth models are developed for economies of homogenous
population. In some neoclassical growth models the heterogeneity is the differences in the initial endowments of wealth
among different types of households rather than in preferences (e.g., (Chatterjee, 1994; Caselli and Ventura, 2000; Maliar
and Maliar, 2001; Penalosa and Turnovsky, 2006; Turnovsky and Penalosa, 2006)). In this approach different
households are essentially homogeneous as all the households have the same preference utility function in the traditional
Ramsey approach.

Human capital is essential for contemporary economic growth (Hanushek and Kimko, 2000; Barro, 2001; Krueger
and Lindahl, 2001; Castell6-Climent and Hidalgo-Cabrillana, 2012). Education is commonly considered an essential way
of accumulating human capital. The first formal modeling of education and economic growth is carried out by Uzawa
(1965). Another popular work on the similar topic is done by Lucas (1988). There are many further works on growth and
education based on the Uzawa-Lucas model (e.g., (Jones et al., 1993; Stokey and Rebelo, 1995; Mino, 1996;2001; Zhang,
2003; Alonso-Carrera and Freire-Sere, 20045 De Hek, 2005; Chakraborty and Gupta, 2009; Sano and Tomoda, 2010)). As
far as education is concerned, this study takes account of government subsidy within a comprehensive analytical
framework. Moreover, this study takes account of another two sources of human capital accumulation: Arrow’s learning
by doing (Arrow, 1962) and Zhang’s creative leisure (Zhang, 2007). The model is a synthesis of two models recently
proposed by Zhang (2013;2016). Zhang (2013) proposed a heterogeneous-household growth model with endogenous
physical and human capital. Zhang (2016) deals with the impact of education subsidy on economic growth. Nevertheless,
this model does not deal with issues related to inequality between different people. We examine the impact of education
subsidies. Another difference from the two models by Zhang is that this study is concerned with a small-open economy.
As an important branch of economic growth, there are many studies on growth and trade of small open-economies (e.g.,
(Obstfeld and Rogoff, 1996; Lane, 2001; Kollmann, 2001;2002; Benigno and Benigno, 2003; Gali and Monacellj,
2005; Zeng and Xiwei, 2011)). We follow this tradition in determining trade pattern with free trade and the prices of
tradable goods fixed in global markets. The rest of the paper is structured as follows. In Section 2 we develop the small-
open growth model with economic structural change, endogenous physical and human capital accumulation. In Section 3
we examine properties of the dynamic model and conduction simulation of the model. In Section 4 deal with comparative
dynamic analysis with regard to changes in some parameters. In Section 5 we conclude the study. The results of Section

3 are checked in the appendix.

2. THE BASIC MODEL

We refer to Zhang (2013;2016) for modelling economic structure, wealth and human capital accumulation, and
government’s taxation. Most aspects of the production sectors are developed within the framework of the standard
growth models (Burmeister and Dobell, 1970; Azariadis, 1993; Barro and Sala-i-Martin, 1995). The economy is
composed of capital good, consumer good and education sectors. The three sectors are perfectly competitive and are

taxed by the government. The tax income is fully expended on subsidizing students. Assets of the economy belong to
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households. The households” incomes are distributed to consume and to save. Saving is carried out only by households.
Firms employ labor and physical capital inputs to produce goods and services. All markets are perfectly competitive.

Input factors are always fully employed. All earnings of firms are paid to factors of production, labor, managerial skill

and capital ownership. The population is groped into J groups, indexed by j =1, ..., J. We measure prices in terms

of the commodity. The price of the commodity be unit. As the economy is small, the rate of interest I is determined in

global markets and is constant. We introduce variables as follows:

Subscript index i , S and € - capital good sector, consumer good sector, and education sector;

N, (t) and K| (t) - labor force and capital stocks employed by sector m =1, S, € at t;

F. (t) - the production function of sector M;

P (t) and P, (t) - the price of consumer good and the price of education per unit of time;
T(t) and f(t) - the tax rate on each sector and Z_'(t) =]1- T(t);

K (t) and K(t) - physical capital employed by and wealth owned by the country;

N j and H f (t) - group J ’s fixed population and level of human capital;
T j (t), -|TJ (t) and T e (t) - the work time, leisure time, and study time of a typical worker in group j ;
W, (t) and Ej (t) - group J’s wage and per capita wealth of group i

]

O, and I - the fixed depreciation rate of capital and I, = r+ O, -

The labor service is Tj (t) H ;nj (t), where we call M; utilization efficiency of human capital by group J. The

labor input is the work time by the effective human capital. The total labor input by a group is the sum of labor

inputs of the group population, Tj (t)H ;nj (t)Nj . The total labor input N(t) is the sum of all the groups’ labor
inputs
J —_—
Nt)=>T,OHTON;, j=1,.,3 (1)
j-1

2.1. Full Employment of Input Factors
The three sectors employ all the labor force

Nit) + N,(1) + Ne(t) = N(). ©
The three sectors employ all the national capital
Ki(t)+ Ks(t)+ Ke(t): K(t) (3)
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2.2. National Wealth Owned the Population

The national wealth is the sum of all the households” wealth

2.3. The Capital Good Sector

We take the production function of the capital good sector on the following form
— i A -
Fi(t)—AﬁKia(t)Ni (t)’ o, >0, o+ p =1, (5)

Where A, @;, and [, are positive parameters. The marginal conditions imply

o, 7R () B EHFR()
=0 0T !

2.4. The Consumer Goods Sector

The production function of the consumer good sector is taken on the following form
—_— S /BS —_—
F(t)= AKEONER), o+ B =1, a,, B >0, (7

‘Where Ag y O, and ﬂs are technological parameters. The marginal conditions are

FRORE | ARORD

tTTKO O o

S

2.5. The Education Sector
We follow Zhang (2018) in modelling the education sector. Teachers and capital input are paid according to the
market rates. We measure the total education service by the total education time received by the population. The

production function of the education sector is taken on as follows
F.(t)= AKEONAE), @, B >0, a,+ B, =1, )

Where A,, &, and [, are positive parameters. The marginal conditions imply

o, 7(t)p, (H)F.(t) wit)= 2 z(t) p. (t)F.(t)

TR o 1

2.6. Current and Disposable Incomes
The variables chosen by a consumer include the leisure time, education time, consumption level of consumer good as

well as on how much to save. The wage rate of the representative household in group j is given by
m. .
Wj(t):W(t)Hj’(t), ]j=1--J. (11)

We define per capita current income from the interest payment r(t)IZj (t) and the wage payment TJ- (t)WJ- (t) as

follows
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y; () =r(t)k, )+ T,)w, ().

It is assumed selling and buying wealth can be conducted instantaneously without any barriers and transaction cost.

We define the per capita disposable income as

9,0) =y, )+ k;({t)= @+ rt)k, )+ T,{t)w, ). (12)

The total available budget is fully spent on saving §; (t), consumption of consumer goods Cg; (t) and education

T

p (t) As the representative household from group ] receives T j units of subsidy per unit of time from the

government. This is obviously a simplified subsidy policy. In the literature of growth with education subsidies, different
ways of subsidies on education are specified (e.g., (Blankenau and Simpson, 2004; Bovenberg and Jacobs, 2005; Booth and
Coles, 2010)). The education cost of the representative household equals the education price charged by the education

sector minus the subsidy from the government
p; (t) =P, (t) — T (t)
The budget constraint is
P (t)cy (t) + B; ()T, (1) +5;(t) = 9;(t) = @+ r(t)k; () + w; ()T, ). (13)

The representative household spends the time available on working, leisure and education

Tj(t)+fj(t)+Tej t)=T,. (14)
Where To is the total available time. Substitute (14) into (13)

p.(t)c; () + py (O)Ty () + w; (OT; (1) + s, (1) =y, (1) (15)

Py (t)= Py (1) + w; (1), ¥;(t)= @+ r)k; )+ w; ()T,

If the household spends all the available time on work, then )_/j (t) is the disposable income.

2.7. Utility Function and Optimal Decision

As stated by Lazear (1977) “education is simply a normal consumption good and that, like all other normal goods,
an increase in wealth will produce an increase in the amount of schooling purchased. Increased incomes are associated
with higher schooling attainment as the simple result of an income effect.” (see also, (Heckman, 1976; Lazear, 1977;

Malchow-Moller et al., 2011)). This study treats education as normal good. As in Zhang (2013) the utility function is
dependent on the following four variables, T-(t), -Fj(t), Csj (t), and S j(t). The utility function is taken on the

€

following form

U;(0) = T3 (OT ™ (0)c5 O (©). #o; 005 Goj 0 A0j >0,
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In which Kojr Ooj» ‘§0j , and ﬂoj are the household’s elasticities of utility with regard to education, leisure time,

consumer good, and saving. The parameters &,;, O;, &, j» and Ay j are called propensities to receive education, to

enjoy leisure, to consume consumer good, and to hold wealth, respectively. There are other ways in describing
consumption of education (Becker, 1981; Behrman et al, 1982; Cox, 1987; Fernandez and Rogerson, 1998; Banerjee,

2004; Florida et al., 2008; Galindev, 2011).

Maximize U ; (t) subject to (15)

—

Py (0T (0) =, 7,0), w;OT;(0) =0 ¥,(0), p.()ey(t)=2;¥,(t). s;(t)=2,,(0)

1
Koj + Oy +§0j +/10j

Kj=PjKojr 05 = P00y 6 = PS5 A =pjhyys Py =

2.8. Change in the Household Wealth
According to the definitions of S j(t), we describe the wealth accumulation of the representative household in

group j as follows

k;j (t)=s;(t) - k; (t). (17)

This equation implies that the change in wealth is equal to saving minus dissaving.

2.9. Dynamics of Human Capital

As in Zhang (2013) there are three sources of human capital accumulation. The first is due to learning by producing
suggested by the literature of technological change and economic growth by Arrow (1962). The basic idea that people
have new ideas and accumulate skills when they produce goods and supply services. As pointed out by Zhang (2013) this
idea has narrow implications as there are many other sources of accumulating skills and knowledge. Uzawa (1965)
introduced another way of human capital accumulation. In the Uzawa model it is through formal education that human
capital is accumulated. The Uzawa model assumes that education uses resources and there is a trade-off between
education efficiency and economic growth. But the Uzawa model omits the role of learning by doing in human capital
accumulation. Zhang (2007) introduced another source of accumulating human capital into growth theory. He called this
source as the creative leisure. This source of learning is taken account neither in formal education approach nor in
learning through producing approach. Zhang models human capital accumulation by synthesizing the three sources of
learning in a single analytical framework. As leisure time is gradually increasing in many economies, learning through
playing or leisure activities seems to become increasingly important. Leisure activities such as sports clubs, computer
games, social parties, living in a safe and decent social environment, and touring different parts of the world, are
obviously important for accumulating human capital. According to Zhang (2013) human capital accumulates according

to the following equation
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sy Ve (RO/N @) HrOT,OF v EONOF vy ci)
H,(t) = M) I 0 + 0 — 5, H, (t),

J J

(18)

Where 6h (> O) is the depreciation rate of human capital, U, Uj, Uy, a4, be , @, and @, are non-negative

parameters. We don’t specify the signs of the parameters 77}, 7;;, and 7, in this stage of modelling.

2.10. Demand of and Supply for Consumer Goods
The households consume all what the consumer good sector supplies. The total demand equaling the total supply
implies

J

ey (N; =F(t). (19)

=1

2.11. Demand of and Supply for Education

The demand for education is the sum of Tej (t) Nj for all J. The total demand equaling the total supply implies

J

ZTej (t)ﬁj =F (t) (20)

j=1

2.12. The Government Budget

The subsidies that all the students receive from the government is equal to the government’s tax income

35 T ON, = R0+ PORO - p,OF.O) e

We completed the model. The modelling structure is general. For instance, if we neglect taxation and subsidy and
fix wealth and human capital and allow the number of types of households equal the population, then the model is a
Walrasian general equilibrium model. If the population is homogeneous, our model is structurally similar to the
neoclassical growth model by Solow (1956) and Uzawa (1961). The modelling structure includes to the multi-class
models by Pasinetti and Samuelson (e.g., (Samuelson, 1959; Pasinetti, 1960;1974)) as special cases. The model contains

some ideas in the literature of growth with education subsidy. We now examine dynamics of the model.

3. THE DYNAMIC PROPERTIES OF THE MODEL
The economy is composed of any number of households and three sectors. The dynamic system is nonlinear and
may be highly dimensional. We may deal with this kind of nonlinear dynamic systems with computer. The following

lemma provides a procedure to follow the motion of the economic system.
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3.1. Lemma

The dynamics of the economy with J types of households is governed by the following 2J dimensional

differential equations system with Z'(t), {EJ (t)}, and (Hj(t)), where {R] (t)}E (Rz(t), ey |ZJ (t)) and (Hj(t))E

(Hl(t), ceey HJ (t)), as the variables

in which A i and () j are unique functions of 7 (t), {R, (t )}, and (H j (t )) at any point in time, defined in the appendix.

For given Z'(t), {RJ (t)}, and (H i (t)), we decide the other variables as follows: Z_'(t) =1- T(t) — W(t) by (A3) —
W (t) by (a4) — py(t) by (45) — P, (t) by (A6) — ky(t) by (A18) — N;(t) by (a15) — N, (t) by (A11) —
N,(t) by (a9) = () by (A7) = T;(t) by (A12) > N(t) by (2) — K, (t), J=1,5, €, by (A1) > F,(t) by

the definitions — T;(t), T(t), c;(t), and s;(t) by (16) > K(t) by (3) - K(t) by (4).

€

The lemma gives a computational program to simulate the motion of the dynamic system with computer. We

simulate the economy with three groups of households by specifying the parameters as follows

7, 0 N, 1Y (m, 0.7Y) (&) (0.07) (A, 0.9
7, |=[02], [N, |=]69], |m, |=]015], | &, |=|0.18], | A, |=|0.65],

r,) \04) \N;) (20) |m, 01) (& 0.2 ) (A 0.6

o) (014) (x,) (0.03) (v, (0.8) (a, 0.3) (b, 0.2
Oy |=| 02 |, | Ky |=]002], |V, |=|07], |a,|=]025]| |b, |=]|0.15],
o 02 ) \x,) (002) (v,) (06) |a, 0.2 ) (b, 0.1
v, 0.2) (a, 02) (v, 0.2) (a, 02Y) (6,) (0.04
v, |=]015], |a, |=]015]|, |v,, |=]|015|, |a, [=]0.15]|, |5, |=|0.06 |,
Vig 01) \a, 0.1) v, 0.1) \a, 01) (o,,/) (008

" =0053, A =1 A =09, A =07, & =032, a =034, a, =033, T, =24,
5, =005 r,=02, r,=04, 7.,=05 m=e,i,h.
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We specify group 1, 2 and 3'S populations respectively 1, 69 and 20. The total factor productivities of the
capital goods sector and consumer goods sector’s are respectively 1 and 0.9. We specify group 1, 2 and 3's

utilization efficiency parameters, M., respectively 0.7, 0.15 and 0.1. The three groups are respectively called as

j?
the rich, the middle, and the poor group. The rich’s higher propensity to receive education is highest. The rich learn

more effectively than the other two groups. The returns to capital ¢ in the Cobb-Douglas productions are closely
0.3. The returns to scale parameters 7 j are specified positive. This means that there are decreasing returns to scale in
human capital accumulation. We assume that the subsidies to the rich, the middle and the poor are respectively 0, 0.2,

and 0.4. We simulate the model with the following initial conditions

7(0)=0.007, k,(0)=66, k,(0)=50, H,(0)=32, H,(0)=9, H,(0)=5. (21)

Figure-1. describes the motion of the system. The national output Y in Figure 1 is

Y(t)=F )+ p, R0+ p.OF0)

We simulate the economy with different initial conditions not far from (21). It can be shown that the system
converges. Under (21), the tax rate rises and the national output falls. The national wealth rises and the national capital
employed experiences negative growth. The rich’s and the middle’s human capital levels fall slightly over time. The

work hours of the rich and the middle also fall slightly. The changes in the other variables are described in Figure 1.

0.0073 2250 7300 301 H,
000715 215 thY 7125 18
H,
0.007 r 2180 I 6950 + t 6 —F t
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
1300 5600 g 300 8 14 ’. 12w,
750 3300 180 125 7
F, F.
200 1000 t60 = : 11 2 roo 2 t
0 10 20 30 0¥ 10 20 30 0 10 20 30 0":10 20 30
1400 100 F— tm 10 T, 3 T,
800 60 7 2
200 20 [ . 4ED ; = 7 .1 L. .
X ) s
010 20 30 0 10 2 30 0 10 20 30 o La0 20 30

Figure-1. The Motion of the Economic System

It is identified that the system has an equilibrium point. The equilibrium values are as in (22).

r=0.0073, Y =2172.4, K =7041.4, K =7053.8, N =1248, F =351.4, F, =1605.6,

F, =688, K, =1083.8, K, =5650.2, K, =307.4, N, =206.8, N, =985, N, =56,
p, =107, p, =141, w, =12.75, w, =157, w, =1.34, H, =312, H, =8.15, H, =4.83,

180
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k, =1432, k, =67, k, =498, ¢, =103.7, c, =173, c, =155, T, =3.16,
T,=10.1, T,=109, T,=175, T,=131, T,=124, T,=34, T,=074, T,=0.7L

It is straightforward to calculate the six eigenvalues as follows
-0.38, -0.35, -0.18, -0.12, -0.08, —0.04.

The negative real eigenvalues imply that the equilibrium point is locally stable.
4. COMPARATIVE DYNAMIC ANALYSIS
The previous section simulated the motion of the dynamic system and found a stable equilibrium point. This section

conducts comparative dynamics analysis with regard to different parameters. We use a variable AX j (t) to represent for

the change rate of the variable X; (t) in percentage due to the change in a parameter.

4.1. A Rise in the Subsidy of Education to the Poor
First, we allow the government subsidy to the poor to be increased in the following way: 75 ! 04 = 0.41.

Figure 2 plots the transitional processes from the old path to the new path. The tax rate is increased and the education
cost is almost not affected. Initially, the national output and the national capital employed are increased and in the long
term they are slightly affected. The national wealth falls initially and rises in the long term. The poor’s human capital is
enhanced, the rich’s human capital is reduced, and the middle’s human capital is almost not affected. The poor spends
more time on education. The national labor force rises initially and is slightly affected in the long term. All the groups’

wage rates are reduced. As shown in Figure 2, the economic structure is also affected.

! 0.00012
0.00004

35

— t 6
0 ATy 20 30 -

Figure-2. A Rise in the Subsidy of Education to the Poor

4.2. The Rich’s Propensity to Receive Education Being Enhanced

We now study how the motion of the economic system is affected if the rich’s propensity to receive education is
increased as follows: &, : 0.03 = 0.032. We plot the simulation results in Figure 3. The rich increase the education

time and shorten the leisure time and work time. The other two groups’ time distributions are almost not affected. The
rich’s human capital is enhanced. The human capital levels of the other two groups are almost not influenced. The prices

of education and consumer good are almost not affected. The three sectors are expanded. The wage rates are increased.

181
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The rich’s wealth and consumption of consumer good fall. This occurs as the rich shifts the available more to education

and human capital is not much increased.

J0.002 10 20 30
J0.005 -
0.008

Figure-3. The Rich’s Propensity to Receive Education Being Enhanced

4.3. The Rich’s Propensity to Enjoy Leisure Being Increased

We now allow the rich’s propensity to enjoy leisure to be increased as follows: 0y, :0.14 = 0.15. The

simulation results are plotted in Figure 4. The national wealth, national capital employed and national output are all
reduced. The national labor force falls. The tax rates on all the sectors are increased as the rich spend more hours on
leisure and less hours work and education. The capital good sector is expanded and the other two sectors are shrunken.
The effects on the and The price of education, and price of consumer good are augmented. The output levels of the three

sectors are reduced. The household from any group works less hours, consumes less goods, and owns less wealth.

J0.03
J0.09
J0.15

0.00003
0.00002
0.00001

AT,
0 10 2
Figure-4. The Rich’s Propensity to Enjoy Leisure Being Increased

4.4. The Poor’s Population Being Increased
We now allow the poor’s population to be increased as follows: N3 : 20 = 21. The simulation results are plotted

in Figure 5. As more money for subsidizing students is needed, the tax rate is increased. The national labor force,
national capital employed and national output are all increased. The national wealth falls initially and rises in the long
term. The rich’s human capital falls and the other two groups” human capital levels are slightly affected. All the groups’
wage rates are reduced. The three sectors are expanded. As shown in the figure, the microeconomic variables are slightly

affected due to the population growth in the long term, even though the macroeconomic variables are increased.

182
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07 18 s
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- 08T908 59 39
Figure-5. The Poor’s Population Being Increased

4.5. The Total Productivity Factor of the Education Sector Being Enhanced

We now study what happen to the economic system if the total factor productivity of the education sector is
increased as follows: A 1 0.7 = 0.71. We describe the simulation results in Figure 6. The rise in the education

sector’s productivity increases the tax rate and lowers the price of education. As the price of education is reduced and the
subsidies are not changed, the opportunity costs for the middle and poor are reduced. The two groups increase their
education hours. In the long term the group 1’s time distribution is slightly affected. The human capital levels of the
three groups are enhanced in the long term. The output of education is enhanced and the inputs of the education sector

are reduced.

0 10 20 30
Figure-6. The Total Productivity Factor of the Education Sector Being Enhanced

4.6. The Poor Applying Human Capital More Effectively

We now examine what happen to the economic system if the poor’s human capital utilization efficiency is enhanced
as follows: M, 10.1=>0.11. The simulation results are plotted in Figure 7. The tax rate rises initially and falls in the

long term. The national capital employed, national output and national labor force initially and rise in the long term. The
national wealth is increased. The human capital levels of the three groups are enhanced. The consumer good and
education sectors are expanded. The capital good sector is shrunken initially and expanded in the long term. The poor’s

wealth and consumption levels, wage rate and human capital are enhanced.
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Figure-7. The Poor Applying Human Capital More Effectively

5. CONCLUDING REMARKS

This paper proposed an endogenous growth model of a small-open economy. The paper dealt with dynamic
interactions between physical capital, human capital, income and wealth inequalities between different households with
government subsidy to education. We emphasized the role of government education. The model of heterogeneous
households was developed on the basis of Solow-Uzawa’s neoclassical growth theory, Uzawa-Lucas model, Arrow’s
learning by doing, Zhang’s creative leisure, and Walrasian general equilibrium theory. The model treats capital and
human capital accumulation as endogenous. The capital accumulation and economic structure are based on the
neoclassical growth theory. The human capital accumulation is due to Uzawa’s education, Arrow’s learning by doing,
and Zhang’s creative leisure. The model explains income and wealth inequality between groups with government
education subsidy policy. We model behavior of households by applying Zhang’s concept of disposable income and utility
function. Our model reveals a complicated nonlinear dynamic interdependence between wealth accumulation, human
capital accumulation, economic structural change, division of labor, and time distribution under perfect competition and
government education subsidy policy. We simulated the small-open economy composed of three groups of households,
the rich 1 %, the middle 69%, and the poor 20%. We found a stable equilibrium point. We carried out comparative
dynamic analysis and demonstrated how a change in a parameter affects the path of economic growth. The model has
many limitations when one thinks of the literature of different branches of economics. For instance, this study does not
take account of social mobility in the economic system. Although we took account of the role of the government in
redistributing wealth and income through education subsidy, there are many other ways that a government may affect
distribution and growth. We conducted comparative dynamic analysis only with regard to a change in parameters. We
may get more insights by allowing multiple parameters to be changed simultaneously or by letting parameters/shocks

be changed continuously. It is also important to deal with endogenous change in preferences.

Appendix: Proving the Lemma
Equations (6), (8), and (10) imply
) N

Z=—=—"—,
W B Ky

m=i,s,e, (A1)

Where Em = S|« . Equations (A1) and (8) imply

N, N, N

— 4+ = 4+t =7K. (A2)
B,

ﬂi ﬁe

Inserting (A1) in (6) yields
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T A E1

Where & = ﬂi T Ai Bi_ai . We have

Wj(Hj, z): HY w.

From (7) and (8), we get

_ L w
p,(2) VTS

From (9) and (10) we obtain

B wz%
p,(z)= .
@) BT A

From (A4) and the definitions of Y jr weget
i =Q+r)k, +Tow,.

Inserting P C; = fj )_/]- in (18) yields
Substitute (A7) into (A8)
J —_~ T —~
N, =7| D> 3,k +7 |,
j=1

Where we use Py F, = WN, /fﬂs and

Equations (16) and (20) imply

i’fj Yig - WN.
j=1 pej ! Z_',Be pe

Where we also use F, = WN, /fﬁe P. - Inserting (A7) in (A10) yields

e

© 2018 AESS Publications. All Rights Reserved.

(A3)

(A4)

(A10)

(A11)

185



Asian Journal of Economic Modelling, 2018, 6(2): 172-190

g_=(1+r)ﬂe Pe Ki Ni —EﬂeTO pei’(] Njo
: w Pej W g3 P
Inserting (14) in (16) yields
Tj :To - Eej yj'
Where

pej - .
Wi P

Inserting (A6) in (A12) yields

Tj = 5,’ _(l+ r)Rj ﬁej;
Where

5,— :To _To ﬁej W; .

Inserting (A13) in (1), we have

Substitute (A9) and (A14) into (2)

J

Ni(z, (Hj), (kj)): n, —7(3 +3)- Z(”j + f@j)
j=1
Where @j = gj + gj.
Substituting (6), (8) and (10) into (21) yields
J
ST, zg(m+& +&J,
=1 c\ps B B
Insert Py Tej = K }_/J- in (A16)
= N N; N, N,
Zpejkj+pe:_+ =
=1 :Bi ﬂs :Be
Where we use (A7) and
(1+r) Pej J m 7.k N,
i = ————————, peE ﬁe'T H: ', Ee.E#
] W ; j 00 ] 7P,
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Inserting (A9), (A11) and (A15) in (A17) yields

— — ‘] p—
k1 = (D(Z’ {ki}’ (Hj))E (ﬁo - Z¢j ij(/’lla (A18)
i=2
Where
_ . Mh+7g; 7Tg; TG _ ng . 7§ _[Q‘ gJ
I - - , Mp=—"2-p,——+7|=—+—=|.
b . g BB B B, B

We can show that all the variables are expressed as functions of 7, {kj} and (H j) by the following procedure:
T =1-17 — Z by (A3) > W by (A3) — W; by (A4) — Py by (A5) — P, by (A6) — IZl by (A18) — N, by
(A15) — N, by (A11) = Ny by (A9) — ¥; by (A7) = T, by (A12) = N by (2) — K, j=1,5,€, by (A1)

- F by the definitions —>T TeJ , , and S by (16) — K by (8) — K by (4). From this procedure, (A15),

(17), and (18), we get
k=0, L ()= 27 -0, (A19)
kj:Aj(T’{EJ}’(Hj))Eﬂj)_’j—Ej, 1=2,..,3,

Hj =QJ(T'{R1}' (Hj))' i=1..3, (A20)

We take derivatives of equation (A18) with respect to T and then then combine the resulted equation with (A18). We

obtain

J
+ZAJak ZQ’8H (A21)

j=1

Equaling the right-hand sizes of equations (A19) and (A21) implies

z"=Al(2',{le},(Hj))z Q JZAJak Z J(’?H g—f . (A22)

j=1

In summary, we proved the lemma.
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